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Preface

The rational resolution analysis introduced in this thesis is a very small part of the
revolutionary mathematical theory of wavelets. The rational resolution analysis synthe-
sizes the work of Mallat, Daubechies, and Vaidyanathan to present a multiresolution-like
analysis which is based on rational dilation factors. It presents a framework within which

the multiresolution and integer-resolution analyses exist.
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humor. patience, support, understanding, and love were key to the successful completion
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Abstract

The multiresolution analysis (MRA) developed by Mallat and Meyer and further
discussed by Daubechies is a useful tool in the analysis of sampled signals such as images
and speech. This thesis develops the theory and implementation of a rational-resolution
analysis (RRA) as an extension of the dyadic MRA for arbitrary ational dilation fac-
tors. We present a method to calculate families of compactly-supported scaling func-
tions and wavelets based on arbitrary integer dilation factors and provide examples. The
perfect-reconstruction properties of the RRA are discussed and it is demonstrated that the
compactly-supported scaling functions and wavelets do not yield perfect-reconstruction.
However, the approximate-reconstruction is demonstrated and families of basis functions
which do lead to perfect reconstruction are characterized. Finally, comparisons are made

between RRAs and conventional MRAs and illustrated with speech signals.

xii




Theory and Implementation of Wavelet Analyses

in Rational Resolution Decompositions

1. Introduction

1.1  Background

In recent years a revolutionary mathematical theory, that of wavelets, has emerged
and promises to significantly change the face of information processing as it exists today.
The theory of wavelets was pioneered by French geophysicist Jean Morlet in the early
part of the previous decade as a tool to aid in the signal processing associated with oil
exploration. Most practical uses of wavelets in recent years have been based on the work
of Stephane Mallat of the Courant Institute. His “multiresolution analysis™ provides an
efficient mathematical framework for decomposing discrete-time signals at various reso-
lution levels. Multiresolution analyses have begun to take their place beside traditional
Fourier techniques as tools in the world of information processing. From these beginnings.
wavelets, and multiresolution analyses in particular, have spread to the areas of image
processing, pattern recognition, speech processing. information coding, and a myriad of
others. While the applications are far reaching in scope, we believe the potential of the

theory has yet to be realized.

1.2 Problem Statement

A multiresolution analysis (MRA) is a technique wherein a signal is decomposed into
successive approximations. It is related to resolution in the sense that each approximation
represents the signal “seen” at a particular resolution. The dilation factor associated

with an MRA determines the ratio between the resolutions of adjacent approximations.
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Currently, most multiresolution analyses are implemented with dilation factors of 2. The
theory of MRAs with other integer and rational dilation factors is also well known[8],
though these are not commonly seen in implementation. The desire for a rational resolution
analysis (RRA) in which the dilation factor is a non-integer rational number has become
apparent in the past decade to aid in the processing of biologically motivated data. For
instance, it is now well known that the human ear processes frequency on a logarithmic
scale[18]. Although MRAs have a logarithmic frequency interpretation, the RRA may
allow the spectrum to be divided into bands which correspond better to those effectively

used by the human ear.

This thesis will present a theory of multiresolution analyses based on arbitrary integer
and rational dilation factors. Practical implementations of the rational resolution theory
will be designed. A comparison of the rational resolution analysis and the dyadic MRA
will be made and demonstrated on representative test signals as well as real-world speech

signals.

1.3 Scope

This thesis is limited to the following:

1. A brief description of the mathematical theory of wavelets and multiresolution anal-

yses.
2. A development of integer resolution and rational resolution analysis theory.

3. A description of the implementation of integer and rational resolution analyses. This

includes a description of scaling functions and wavelets.

4. Development of the tools (design methodology, software, etc...) necessary to imple-

ment integer and rational resolution analyses.




5. A comparison between rational and dyadic resolution analyses to demonstrate the

features of the RRA.

1.4 Approach/Methodology

The RRA will be developed as an extension of the integer resolution analysis. The
integer resolution analysis is presented as a synthesis of the current state of the art in
compactly supported scaling functions and wavelets, dyadic MRAs, and multirate signal
processing. Once the RRA is developed and implemented, we will demonstrate its use by

comparing it to the dyadic case over a range of test signals including human speech.

1.5 Objectives

The four specific objectives of this research are to answer the following questions:

1. Can the theory of dyadic multiresolution analyses be extended for arbitrary integer

dilation factors?

2. Can the theory of multiresolution analyses for arbitrary rational dilation factors be

developed? Are there any limitations on its implementation?

3. Is the implementation of the rational resolution theory feasible and is it applicable

to real-world problems?

4. How does the rational resolution case compare to that of the dyadic? How do they

contrast?

1.6 Equipment and Materials

Being mostly theoretical in nature, this thesis requires no special materials or equip-
ment. SPARC 2 workstations are used to support general purpose programming. More

specifically, INTEX 1s used to typeset this document. Mathematica is used for numeric
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calculations and to generate some of the figures and plots. Gnuplot is also used for some
plots. Matlab is used for optimization and minimization. Finally, all general programming

is done in the ANSI C programming language.

1.7 Notation

We use the following notation throughout this thesis:

o C for the set of complex nuinbers.

Z for the set of integers.

Z* for the set of non-negative integers.

R for the set of real numbers.

Q@ for the set of rational numbers.

L3(R) for the space of measurable, square-integrable functions:
+00 R
L*(R)= {f : f is Lebesgue-measureable and/ |f(z)|°dz < oc}.

If f € L*(R), f is sometimes referred to as a finite-energy function.

The inner product of f,g € L*(R) will be denoted by

)= [ e,

where the asterisk represents complex conjugation.

o [%(Z) for the space of square-summable sequences:

+o00
13Z) = {a:(...,a-l,ao,al,...) :a; €C, Z lay|? < oo}.

k=~-00
For matrices and operators A, we use the following notation:

1-4
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A = [a(i,]));; defines a matrix A whose element in the i-th row and j-th column is

given by a(i, ), where a is a function on Z*+ x Z*.
o AT for the transpose of the matrix A.
e A* for the complex conjugate of A. The asterisk will also be used to denote the

adjoint operator. The distinction between matrices and operators will be clear from

the context.
o Al for the transposed conjugate of A.
e H(z) denotes HT(z"?).
e 5, will denote the sum over all n € Z unless specific limits are given.

e The Fourier transform of f will be denoted by either f or F. It is defined as f(u) =

J*2 fla)e~ ™ 7dx for f € L*(R) and as f = T, fae™*™*" for f € I3(Z).

1.8 Preview

This thesis is organized as follows: the next chapter presents background material on
wavelets and scaling functions, multiresolution analyses, perfect reconstruction multirate
filter banks, and rational resolution approximations. While not intended as a tutorial,
it will provide a working understanding of the concepts needed to understand integer
and rational resolution analyses. It will describe the current state of rational resolution

approximations in the literature.

The following chapter presents a development of compactly-supported scaling func-
tions and wavelets based on arbitrary integer dilation factors. It is presented as an exten-
sion of the work by I. Daubechies[6] and P.P. Vaidyanathan(26]. It will also discuss the

generation of spline-based scaling functions.

In Chapter IV, we present a design for a rational resolution analysis for which we

can get perfect reconstruction under certain conditions. We develop the approximation
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and reconstruction operations and discuss the role of the scaling function. We conclude

the chapter with a discussion of the frequency domain characteristics of the RRA.

Chapter V presents a comparison of the rational resolution analysis to the dyadic
multiresolution analysis. Comparisons to the dyadic case are demonstrated in several

examples including human speech signals.

We conclude the thesis with a summary of its major points and accomplishments.

We draw some conclusions and, of course, make recommendations for future research.

The appendices contain useful information on the techniques used to calculate various
numerical values. They also contain scaling function coefficients and the corresponding

scaling function graphs.
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II. Background

2.1 Introduction

This chapter serves two purposes. First, it is intended to provide background material
for the development of the rational resolution analysis and second, it provides a literature
review for the many topics discussed later. While not intended as a tutorial, the background
material will be discussed in enough detail to give the reader a reasonable understanding

of the development.

The chapter is outlined as follows: we first discuss the early beginnings of wavelet
analysis, its mathematical foundations, and the continuous wavelet transform. From there
we describe the discrete wavelet transform and present the multiresolution analysis. We
also discuss compactly supported scaling functions and wavelets. Next, we turn to discrete-
time signal processing and its relationship to the multiresolution analysis. This is followed
by a description of multirate filter banks and how they are related to integer resolution
analyses. Finally. we review the current state of the art for rational resolution analyses.

We present the work of two individuals whose research in this area is most applicable.

2.2 Mathematical Foundations of Wavelets

Wavelet theory has a short but rich history. In 1984, Alexander Grossman and Jean
Morlet[9] showed that any finite energy function could be decomposed into families of

constant-shape wavelets. For f € L?(R) the continuous wavelet transform is

(W f)a,b) = fs (2)dt, (2.1)
where
Van(t) = a” My (t ; b) (2.2)
2-1




and the “mother wavelet” ¢ is subject to

Sl < o. (23)

These wavelets are so called because they generally have some oscillatory behavior since
Equation 2.3 implies they are zero-mean functions and decay at infinity. These families of
wavelets are formed by dilations and translations of the mother wavelet. Morlet was trying
to develop a method by which he could analyze non-stationary seismic signals. Fourier
analysis was inadequate because of its inability to localize frequencies in time([5] [10]. The
short-time Fourier transform (STFT) is only a little better because its time localization
properties are poor[19]. The fundamental difference between the STFT and the wavelet
transform can be understood in the frequency domain. The STFT effectively divides the
frequency spectrum into equal-bandwidth regions while the wavelet transform divides the
spectrum into bands which have a constant bandwidth on a logarithmic frequency scale.
That is, the wavelet transform uses a small bandwidth for low frequencies and a larger
bandwidth for higher frequencies. This is equivalent to having a STFT with a variable
sized window, a small window for good time resolution and a large window for good

frequency resolution.

We can also describe the continuous wavelet transform by considering the wavelets as
basis functions. Equation 2.1 is an inner product which effectively measures the similarity
between f and the particular wavelet ¢, ;. While the wavelets are a basis for L2(R), they
are not orthogonal and they redundantly represent the signal. However, by discretizing
the values of the shift and scale parameters in Equation 2.1, we can define an orthonormal
set of wavelets. If we let @ = a7’ and b = nbyag for m,n € Z, then we can find an
orthonormal wavelet basis for some choice of a; and by provided certain conditions on ¥
are met{7]{14](19]. The choice most commonly made is for @y = 2 and bs = 1; g is known

as the dilation factor.
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2.3 Multiresolution Analyses

The discretization of the continuous wavelet transform and the generation of mother
wavelets whose dilations and integer translations form an orthonormal basis of L?(R) nat-
urally leads to the multiresolution analysis (MRA). The multiresolution analysis developed
by Mallat[13][12] and Meyer[15] was triggered by the Laplacian pyramid schemes of Burt
and Adelson[4]. However, Mallat is primarily given the credit because he developed the

fast algorithm which implements it.

An MRA is a sct of embedded subspaces V,,, such that
eCVacVicVoCc Vo CcVoCeee. (2.4)
These spaces, known as approximation spaces, further satisfy the conditions

() Vo ={0} and |J V. =L%R), (2.5)
meZ mezZ

and with the dilation factor of 2,

feVn = f(2:) € Vn,. (2.6)

Furthermore, there must exist a scaling function ¢ € V; such that {¢,,}nez forms an

unconditional basis for V,,; i.e.,

"ym = span{d)mn}nEZv (27)
where
Smn(z) = 2-™2P(27 ™z - n). (2.8)
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The integer translations of ¢ are not necessarily orthogonal, but Daubechies[6] shows that
given an unconditional basis, we can find an orthogonal basis with no loss of generality.

For simplicity, we will assume orthogonality in this thesis.

Given this definition, we want to demonstrate the role of wavelets. First, we define

the detail space W,,, as the orthogonal complement of V,, in V,,,_;. This means

Wm -L Vma (29)
‘Vm C Vv, ~1s (210)

and
V,aW,, = V,_1. (2.11)

The wavelets are an orthonormal basis for the detail spaces:

W, = Span{d’mn}nGZa (2.12)

where

Ymn(x) = 27927z - n). (2.13)

The constant 2=™/2 in the above and in Equation 2.8 normalizes the energy of the corre-

sponding scaling function or wavelet.

Now, we want to describe how a function f € L?(R) can be represented as a series
of the discretized wavelets ¥,,,. Suppose we want to find the approximation of f at the
m-th resolution level. This is equivalent to finding the orthogonal projection of f onto V/,.
We write

Prnf € Vi = Puf(1) =Y condmn(t), (2.14)
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Vm-1

Figure 2.1. Approximation Spaces and Projection Operations

where P, is the orthogonal projection operator, P, : L*(R) — V/,. and

Cmn = {f+ Omn) (2.15)

are known as the approximation coefficients. The approximation at level m is entirely
characterized by ¢, for n € Z. We can define a similar projection operator to project f

onto W,,:

Qnf € War = Quuf() = Y_ dinn¥mn(t), (2.16)

where the d,,, are known as detail coefficients and are defined similarly to the ¢,,,. From

these two projections, we can reconstruct the approximation of f at the m ~ 1 level by

me+me= P, —lf- (2.17)

This is illustrated graphically in Figure 2.1. It is shown in {13] that
P Wn = L*(R) (2.18)

which implies that all dyadic dilations and translations of the mother wavelet v form an

orthonormal basis for L*(R). The multiresolution framework provides an efficient and
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elegant algorithm to find the approximation and detail coefficients at each resolution level
by using discrete filters on the approximation coefficients of the next higher level. Each
successive set of approximation and detail coefficients can be calculated from the previous

set of approximation coefficients and this calculation is independent of level.

To see this. consider the scaling function ¢;o(t). Because we have V, C 1}, we can

express ¢;9() as a linear combination of ¢g,

2-12¢(1/2) = ¥ h(n)é(t ~ n), (2.19)
where
h(n) = (610: Pon)- (2.20)

Taking the Fourier transform of both sides of Equation 2.19 yields
6(2f) = H(NS( ). (2:21)
where H(f) is the 1-periodic function defined by
H(f)=27"Y h(n)e=*). (2.22)

This filter has a great deal of significance in the multiresolution analysis. Mallat demon-
strates in [13] that approximation coefficients ¢, at one level can be easily calculaied
from the approximation coefficients of the previous level by using the coefficients of filter
H; specifically,

Cmk = 3 h(n = 2k)Cm_y - (2.23)

Notice that the approximation coefficients ¢, . which completely characterize the approx-
imation, can be calculated without having to calculate the inner product of f with o,,,

directly. This is the elegance of Mallat’s algorithm.
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Figure 2.2. Illustration of the Dyadic Multiresolution Analysis

The detail coefficients d,,, can also be calculated from the ¢, , in a similar way.

If we define

g(n) = (¥10, bon), (2.24)

then, taking Fourier transforms, we get
$(2f) = G(NHf), (2.25)

with G(f) defined similarly to H(f). Now, at each resolution level in a multiresolution
decomposition, we get a set of detail coefficients. This is illustrated in Figure 2.2. As the
number of decompositions grows without bound, the entire function will be represented by

the sets of detail coefficients.

Using the approximation and detail coefficients at a particular resolution level m. we

can reconstruct the approximation at the m — 1 level by using the same filter coefficients:
Cm=in = I_h(n = 2k)cmi + I_ g(n — 2k)dme. (2.26)
k £

This is a consequence of Pp,_yf = Pof + Qmf-
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2.4 Filter Operations and the Multiresolution Analyses

The filters H and G are very important. However, as Daubechies points out in [6],
Mallat’s algorithm deals only with sequences; the underlying multiresolution analysis is
only used in the computation of the filters H and G. Daubechies studied the filters and
determined they had certain properties which allowed Mallat’s discrete algorithm to be

“weaned” from its multiresolution parent.

By defining H and G as bounded operators from 1%(Z) to itself:

(Ha) = 3~ h(n - 2k)a,,

(Ga) = Y g(n - 2k)ay, (2.27)

Daubechies showed that for these operators, necessary conditions for Mallat's algorithm

to work could be expressed as

3" Ih(n)] < oo,
Y lg(n)l < oc. (2.28)

In terms of discrete-time signal processing, this condition is equivalent to requiring the
discrete filters defined using the coefficients above to be stable. We want to perfectly

reconstruct a sequence from its decomposition, so with the adjoint operators

(H'a), = 3 h(n - 2k)as,
k

(Ga), = Y _ g(n — 2k)ay, (2.29)
k
we also require
HH + GG™ =1, (2.30)
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where 1 is the identity operator. Similar to the requirement that the detail and approxi-

mation spaces be orthogonal, we require

HG" = 0. (2.31)

Finally, we assign approximation and detail roles to the operators by requiring

V2,

0. (2.32)

Zh(n)
> g(n)

The four properties described above are identified by Daubechies(6] as the essence of Mal-
lat’s algorithm. They are the conditions which allow you to separate the algorithm from

the multiresolution analysis (MRA).

These conditions can be restated in many different forms, some of which are more use-
ful for specific applications. One way we will find useful when relating Daubechies’ work to
others in the discrete-time signal processing field is that of the polyphase representation(25].
The conditions on the operators H and G can be rewritten in terms of the coefficients h(n)
and g(n). The normality and orthogonality conditions expressed above in Equations 2.30-

2.32 can be combined and rewritten as

E[h(m = 2k)h(n — 2k) + g(m - 2k)g(n ~2k)] = bnn,
3

Y [h(n - 2k)g(n~21)] = O, (2.33)

n

where é,,,, is the Kroenecker delta function defined as

1 m=n

bon = (2.34)
0 m#n.
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To eliminate the factors of 2, we can define

h(2n),

ago(n)

h(2n + 1),

I

aoy(n)
ayo(n) = g¢(2n),

a(n) = g(2rn+1). (2.35)
so that the conditions on the coeffiecients in Equation 2.33 can be restated as

Z[“oo(m ~ k)age(n — k) + ayo{m — k)ayg(n = k)] = émn,
3

Z[“Ol(m - k)ag(n — k) + an(m—k)ay(n—£k)] = 6pn,
k

Z["oo(m ~ k)ao;(n — k) + ajo(m — k)ay,(n - k) = 0,

k

Z[aoo(n—k)am(n ——l)+a01(n——k)a“(n—l)] = 0. (236)
In the Fourier domain, these conditions become
faoo( H)IF + law(HIF = 1,
leor (NI + len(NHIF = 1,
ago(f)aa(f)+ awo(flan(f) = 0,
aoo(flaw(f) + an(flan(f) = 0, (2.37)
where
aje(f) =Y ajp(n)e"?m/ (2.38)
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for j,k € {0,1}. If we define the matrix E such that

ET - ago(f) @o(f) , (2.39)

ao(f) an(f)
then it is easy to check that the four conditions on the a;; stated above are equivalent to
requiring E to be unitary. With a little manipulation, we can relate this requirement back

to Mallat’s original filters H(f) and G(f). Requiring E to be unitary is equivalent to

H(f) G(f)
H(f+3) G(f+3)

(2.40)

being unitary!. It is important to note at this point that the conditions expressed above are
necessary and sufficient conditions for the Mallat’s algorithm to work. However, Mallat
originally defined the filter coefficients h and ¢ in terms of the scaling function ¢ and
wavelet i, respectively, which is to say that placing requirements on the filter coefficients
will affect the corresponding basis functions. In general, we want these functions to look
reasonably “nice” (continuous, differentiable, etc.) which implies that we want them to
have some degree of regularity. In the next section, we further examine the relationship

between filters and basis functions and examine regularity considerations.

2.5 Scaling Functions and Wavelets

We saw in the previous section that the scaling functions and wavelets were related
respectively to the approximation and detail filters H and G. We developed conditions
on these filters which allow Mallat’s algorithm to work. Now we want to investigate how

these conditions affect the scaling functions and wavelets.

'Mallat and Daubechies define h(n) differently which leads to some discrepancies when trying to relate
their work. Mallat defines h(n) = 1/2(¢(-/2). #(-—n)) whereas Daubechies defines k(n) with a normalization
factor of 27%/2 instead of 1/2. Conceptually the filters do the same operation, but the difference in the
scale factors can cause some apparent inconsistencies when expressing the conditions on the filters.
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Equations 2.21 and 2.25 express the relationship between the filters and the corre-

sponding basis functions. We iterate Equation 2.21 to get

3(f) =) [T H2*f). (2.41)
k=1

From this expression, we can see that the scaling function will be determined by the iterated
product of the approximation filter. Consequently, given an approximation filter which
satisfies the conditions for an MRA, we can calculate ¢ via Equation 2.41 or its discrete
time equivalent. See Appendix A for details. The wavelet can be found by substituting

the expression for ¢ above into Equation 2.25 and changing variables to get

W(f) = $0)G(f/2) [T H2 ™ p). (2.42)

k=2

We mentioned earlier that we want the scaling functions and wavelets to look rel-
atively “nice” (continuous, differentiable, etc.) which implies they are somewhat regular.
Daubechies[6] has shown that a necessary condition for the iterated scaling function in
Equation 2.41 to converge to a regular function is that the filter H(f) have zeros of suffi-
ciently high degree at f = k+1/2 for k € Z. This causes the zeroes of one dilation of H in
Equation 2.41 to attenuate the peaks of the previous dilation. As H is successively dilated
and multiplied in the infinite product, the high frequency peaks will be attenuated. The
greater the degree of the zero, the more attenuation occurs in the high frequencies and
the time-domain function is more regular. Consequently, for a regular scaling function, we

must have H(f) of the form

H(f)=Q+e )N f) (2.43)
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which implies that the sequence h(n) is formed by N discrete convolutions of the sequence

, 1 n=0,1
e(n) = (2.44)

0 otherwise

with the sequence /, where

L(f) =) U(n)e~>™. (2.45)

This will be important in the next chapter. The most significant contribution of Daubechies’
work in [6] is the development of a set of scaling functions (and thus wavelets via Equa-
tion 2.42) which are compactly supported and have an arbitrary degree of regularity.
Equi?alently, an approximation filter is found which has the form of Equation 2.43 and
also satisfies the conditions of an MRA. If the sequence / is finite, then A(n) will be finite

and the scaling function generated by iterating H(f) will be compactly supported[6].

2.6 Multirate Discrete-Time Signal Processing

Multiresolution analysis has many connections with discrete-time signal processing.
Mallat’s algorithm deals only with sequences and Daubechies has shown that it depends
on the sequences h and g. In this section we discuss the relationships between the MRA
as implemented by Mallat and maximally-decimated perfect-reconstruction filter banks.
We show that this interpretation leads to the development of MRAs which have integer
dilation factors other than 2. These MRAs have a single scaling function and two or more
mutually orthogonal wavelets. All dilations and translations of these wavelets form an

orthogonal basis for L(R).

Mallat’s algorithm can be interpreted as a 2-channel maximally-decimated filter bank
as in Figure 2.3. We say the filter bank has perfect reconstruction (PR) when i(n) =

z(n — ny) for ng € Z*. The constant ny, accounts for the delay inherent in non-causal
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z(n)

G(f) 12 12—G"(f)

Figure 2.3. Multiresolution Analysis 2-Channel Filter Bank

z(n)

Ho(f) Him tMH; () /

Hy(f) M TM{—H; (f)

ualf)ld -

Figure 2.4. M-Channel Filter Bank

filters. The conditions on the filters H and G as stated in Equation 2.40 are necessary for

perfect reconstruction and they were identified by Smith and Barnwell in [20].

The 2-channel filter bank can be generalized to an arbitrary M-channel filter bank.
The conditions for perfect reconstructions have been studied by many[16}[21}{23)[27) and
they can also be seen as a generalization of those in Equation 2.40. The M-channel filter

bank shown in Figure 2.4 has perfect reconstruction if

[ Ao f) Hi(f) H(f) o Hua(f) ]
Hof+3) H(f+f)  Holf+3) - Hu-alS+35)
H(f)= | Bof+2) H(+2) H(f+3) - Hua(f+d) (2.46)
| Bo(f+ 85 Haf+¥50) H(f+520) - Huor(f+%50) |
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is unitary. This matrix is referred to in the literature as the alias-component matrix[21][24].
Vaidyanathan focuses on finding unitary alias component matrices in [16] and [26]. He has
developed a technique whereby a unitary alias component matrix can be found given one of
the filters. We will discuss this technique in the next chapter and use it to find compactly-

supported wavelets.

We can now relate the M-channel PR filter banks back to multiresolution analyses.
In the dyadic multiresolution case, we had each approximation space composed of two mu-
tually orthogonal subspaces: a lower resolution approximation space and a detail space.
With the MRA based on the M -channel filter bank, which we will call the integer reso-
lution analysis (IRA), we will have each approximation space composed of M mutually
orthogonal subspaces: a lower resolution approximation space and M -1 detail spaces.
This is significant because we now have M —1 wavelets as basis functions for the M -1

detail spaces!

When implementing an IRA, we must be careful in rushing too quickly to find a set of
M filters whose alias component matrix is unitary. This is only a necessary condition. The
idea is to be able to develop a set of filters that satisfy the perfect reconstruction property,
but at the same time, ensure the filters satisfy the conditions required for approximation
and detail operators. The relationships in Equations 2.21 and 2.25 are generalized for the

IRA so that

H(H)Hf), k=1...M -1,

Ho(f)( ), (2.47)

BRI )
HM )

]

H

where we have arbitrarily chosen H, to correspond to the approximation filter. We also
want to impose some regularity on the scaling functions. This will be the topic of the next
chapter. Furthermore, we will want a method to find a set of perfect reconstruction filters

which satisfy the conditions for an IRA. We also discuss this in the next chapter.
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2.7 Rational Resolution Analysis

The rational resolution analysis (RRA), the main topic of this thesis, is a relatively
new concept and has little or no literature currently available. However, there are two
notable items which are related to the research at hand and it is appropriate to mention

them here.

The first is the work of Pascal Auscher in both [2] and [3]. Auscher has shown
that multiresolution analyses with rational dilation factors are possible and that the corre-
sponding wavelets form an orthonormal basis for L*(R). However, the wavelets are neither
compactly supported nor do they have exponential decay. We can allow non-compactly
supported wavelets, but if they do not have sufficient decay, their usefulness diminishes.
We want a wavelet to decay relatively quickly so that it has good localization in time (or
position). Without good localization, the wavelets’ usefulness in analyzing non-stationary

signals is limited. Recall this is why wavelets were developed in the first place.

The second item is not as important as the first but has some relevance. Kovatevi¢
and Vetterli have done some work in [11] on perfect reconstruction filter banks which have
rational sampling rate changes. This is encouraging from an intuitive standpoint because
of the effect rational sampling rate changes have on the spectrum of a signal. Furthermore,
the RRA we develop later involves the concept of rational sampling rate changes. More will
be said on this in the discussion of the RRA. First, we must discuss the integer-resolution

case since it is a necessary component for reconstructions in the RRA.

2-16




III. Integer-Based Compactly Supported Scaling Functions and Wavelets

3.1 Introduction

In this chapter we extend the work of Daubechies and Vaidyanathan to produce com-
pactly supported scaling functions and wavelets which correspond to the integer resolution
analysis (IRA) described in the previous chapter. These scaling functions and wavelets
can be generated with an arbitrary degree of regularity, although regularity is traded for
support width. We apply a technique developed by Vaidyanathan to calculate the detail
filters (and thus the wavelets) once the approximation filter is given. The technique also
allows the wavelets to be selected in some optimum way. We present an example where
the wavelets of a particular IRA have been optimized so that the stop-band energy of the

corresponding detail filters is minimized.

3.2  Compactly-Supported Scaling Functions

The theory of compactly-supported scaling functions for dyadic multiresolution anal-
yses is well developed in [6]. Compactly-supported scaling functions which have some de-

gree of regularity can be generated from approximation filters which satisfy the conditions

HUP+1H(f+1/2)P

il
[ )
$

H(0)

I
=

(3.1)

where H has the form of Equation 2.43. For compactly-supported scaling functions, we also
require that for the filter H(f) = 2Y/2%, h(n)e~*?"*/, a finite number of the coefficients

h(n) are non-zero. In signal processing terms, we say H(f) must be an FIR filter.

These are two conditions on the approximation filter that must hold for the dyadic
MRA. The conditions can be generalized for integer-resolution analyses with dilation fac-

tors other than 2. The first condition in Equation 3.1, above. is a result of the orthogonality
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of the family {¢on}nez expressed by

Yle(f+n)P=1 (3.2)

n

via the Poisson summation formula{12]. It is also a restatement that the first column of
the matrix given in Equation 2.40 has unit norm, which is required for a unitary matrix.
The corresponding condition for an IRA with dilation factor M is that the first column of

the alias component matrix in Equation 2.46 have unit norm so that

M-1

SIH(f+k/M))? = 1. (3.3)

k=0

The second condition in Equation 3.1 is independent of dilation factor and thus remains

the same.

In order to have a scaling function with some degree of regularity, we must impose
additional constraints on the form of the filter as we saw for the dyadic case in Equa-
tion 2.43. The spectral factors, (1 + e~*2*/), are necessary to attenuate repeated spectra
in the construction of the scaling function via Equation 2.41. Analogously, we require that

an approximation filter for an IRA with dilation factor M have the form

M-1 N
H(f)= (Z e"“”) L(f)s (3.4)
k=0
where
L-1
L(fy = l(n)emi2™/, (3.5)
n=0

This is equivalent to requiring the sequence h(n) be equivalent to N discrete convolutions

of the sequence

1 ne{0,1,...,M-1)
e(n) = (3.6)

0 otherwise
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with the sequence /. Because we require scaling functions with compact support, £(f) is

such that [ has a finite number of non-zero terms.

To calculate the approximation filter coefficients, it is helpful to rewrite the conditions
on the approximation filter in terms of its coefficients. The two couditions above can be

combined into a single condition on the coefficients of the approximation filter:
> " h(n - Mk)h(n - Ml) = &, (3.7)

which is derived by expressing Equation 3.3 in terms of the h(n) and combining like terms.
The incorporation of the second condition, H(0) = 1, is forced by the structure of the
filter. If N is chosen so the corresponding scaling function has as much regularity as its
support will allow, (N = L), then the second condition will be satisfied. This is illustrated

by the following example.

Example 3-1 Suppose we want to find an approzimation filter H for M = 3 such that
there are 6 non-zero terms in h(n) (6 taps). We want to impose marimum regularity
which implies N = 2 because any larger would generate at least a 7-tap filter. This means
that h(n) is composed of a convolution of the sequence r(n) = {1,2,3,2,1} with a two
element sequence {1(0),1(1)}. We perform this discrete convolution and find the following

ezpressions for the h(n):

h(0) = (1),

h(1) = 21(1)+0),
h(2) = 3I(1)+ 21(0),
h(3) = 21(1)+31(0),
h(4) = 1)+ 21(0).

h(5) = 1(0).
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With the filter constraints as:

5
PR

n=0

i:h(n)h(n+3) = 0.

n=0

]
—
-

We determine 1(0) = £1.01516 and I(1) = F0.43781 so that the resulting h(n) are shoun

in Table 3.1.

Table 3.1. Filter Coefficients for M = 3 Scaling Filter with 2 Degrees of Regularity
n h(n)

0.3383860972838639
0.5308361870137393
0.7232862767436145
0.2389641719057618
0.0465140821758866
-0.1459360075539887

OV W= O

0

We can generalize the technique illustrated in this previous example to find scaling
functions for arbitrary M dilation factors. For higher regularity, we simply increase N.
We also find that / will have N non-zero terms, there will be N constraints on h. and the

length of h will be N M.

Coefficients for various approximation filters and graphs of their corresponding scal-
ing functions are contained in the appendices. In general, the coefficients were found using
root-finding software. It is interesting to note that the scaling filter coeflicients are not
unique and that the result depends upon the initial guess at the solutions. The choices
given in Appendix C were chosen to generally correspond to those published by Daubechies

in [6] so that the scaling functions generated would be comparable in shape. This shape

3-4




similiarity is very important to the RRA and we will comment more on this in the following

chapter.

3.3 Alias-Component Matriz Decomposition

We have seen the relationship between integer resolution analyses and perfect re-
construction filter banks. A unitary alias-component matrix satisfies the majority of the
conditions for an integer resolution analysis. In the previous section, we have shown how
the constraints for an approximation filter can be satisfied so that one column in the

alias-component matrix is now fixed. Note that the second condition for the wavelet filters
Y E®(n)k=1...M~1 (3.8)
n

is also satisfied now as a consequence of satisfving both conditions on the approximation

filter. The task now is to find M —1 filters such that the alias-component matrix is unitary.

Vaidyanathan[26] has developed a technique with which the other filters of an /-
channel perfect reconstruction filter bank can be found once one of the filters is specified.
This technique is easily adapted to finding the A —1 wavelet filters once the approximation

filter has been calculated as in the last section.

In order to describe its implementation, we need to introduce some notation from
multirate digital signal processing. Reference [24] provides a good background. We intro-

duce the z-domain notation for the description of our filters:
H(z)= M"Y " h(n)z™". (3.9)

This filter is related to the previously defined #(f) by z = €'?"/. We say that H(z) is

causal if the sequence h(n) = 0 for n < 0. Substituting the z-domain notation for H(f)




into the alias-component matrix we get

[ _ -
Ho(Z) Hl(z) HM~1(3)
Ho(W~ Hy (W~ e Hu (W1
H(z)= | of z) ' (W-iz) . Yaut| 2) ’ (3.10)
LHO(W-(‘M_I)Z) HI(W—(M—y)z) . HA[—I(W’-.(M—])Z)

where W = 2V/M

= €'*"/IM_ Because we have only changed notation, requiring H to
be unitary is equivalent to requiring the alias-component matrix (Equation 2.46) to be

unitary.

A filter Hi(z) = ), he(n)2~" can be expressed in the following polyphase form:

M-1
Hi(z) = Y s En(zM), (3.11)
1=0
where
Eu(z)=)_ hi(Mn+1):7". (3.12)

The Ej(z) are known as the polyphase components of H(z)[26]. We define the polyphase
matrix E(z) such that the k-th row and !-th column is given by E;(z) for

k.l € {0,1,...,0M — 1}. The polyphase matrix E(z) is related to the alias-component
matrix by

H(z) = WID(2)ET(zM), (3.13)

where W is the A/ x M discrete Fourier Transform (DFT) matrix defined by [W*'),, and
D is given by

D = diagfl 27! .. 2~M-1), (3.14)

One thing to notice in this expression for H(z) is that both Wt and D are unitary matrices.

Consequently, E(z) must be unitary if H(z) is unitary and vice versa. Thus, requiring E( =)
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to be unitary is equivalent to requiring H(z) to be unitary. We will find it more convenient

to deal with unitary polyphase matrices than alias-component matrices.

Suppose we have a unitary polyphase matrix. Because the product of unitary matri-
ces is also unitary, it makes sense to decompose a polyphase matrix into several smaller,
less complicated matrices. The reverse is also true: we can construct a unitary polyphase
matrix using those same building-block matrices. However, we need to be able to specify
those matrices so that the resulting polyphase matrix satisfies the additional conditions
for an IRA. We want one of the columns in the polyphase matrix to correspond to the

approximation filter—the other filters will automatically correspond to wavelet filters.

The degree of a unitary alias-component matrix H(z) is defined as the degee of its

determinant. Perfect reconstruction (or lossless) systems have determinants of the form
detH(z) = ez~ (3.15)

so that the degree is simply N — 1. Vaidyanathan demonstrates in [26] that any A x M

causal FIR system Hy_(2) is lossless if and only if it can be expressed as
Hyo1(2) = VNo1(2)Vivoa(2) - - Vi(2)H,. (3.16)

where the subscript on H indicates its degree so that H; is a constant M x M unitary

matrix and Vi(z) are M X M FIR unitary matrices of degree one. Each V, has the form
Vi = 1= viv] + vevl 2 (3.17)

so that the entire system can be characterized as a set of N — 1 unit-norm vectors, v;, and

the unitary matrix, Hy. Furthermore, Vaidyanathan demonstrates that any M x1 column




vector of the form

N-1
Pra(z)= ) p(n)z™" (3.18)

n=0

is lossless! if and only if it can be expressed as
Pra(2) = Un-1(2)Un-2(2) - - Ui (2)Py (3.19)

where again the subscript on P indicates its degree so that Py is a constant M X1 column
vector with unit norm. Here, the degree of a vector P is defined as N —1 from its definition
in terms of p. The definition requires p(/N — 1) # 0. The U, are M XM degree-one lossless

FIR matrices and they have a form similar to V:
Up=[I- ukuz + ukuIz], (3.20)

where u; are constant M X 1 unit-norm vectors.

We want to find the U, which will decompose Px.; as in Equation 3.19. The choice
of u; is critical. We want to choose u; such that U, reduces the degree of P,. That is,
we want to choose U, so that U,P, = P,_,. (Note that only the subscript on P denotes
its degree; the subscript £ on U denotes the matrix that reduces P to P;_,.) In order to
do this, two things must happen. First, the coefficients p;(k) of z~* must be “zeroed out”
and second, the system must remain causal, i.e. no positive powers of z can result from

the operation. From the definition of Uy, this implies that
(1 - weufJpi(k) = 0 (3.21)

and

[ukUZ]pk(O) =0, (3.22)

'For vectors, “lossless” means the vector has unit-norm or PP = 1
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for k =1,2,...,N—1. A property of lossless vectors P,(z), is that pI(O)pk(k) = 0. This
can easily be seen by multiplying PP and equating powers of z. With this in mind, we
choose

PulE) (3.23)

Uy =
e (R)I|
which satisfies Equations 3.21 and 3.22. The resulting U, will reduce the degree of P;. It
is clear we can successively reduce the degree of Py_, by choosing the appropriate U,(z)

at each step. Furthermore, the factorization
PN_l(Z) = UN_l(Z)UN_g(Z)"'Ul(Z)PQ (324)

is unique. At every step in the factorization, there is only one choice (to a scale factor) of
u; that will result in a U,(2) that reduces the degree of P,(z). Each of the Ui(z) is then

unique as is the final vector Py. This is in contrast to the factorization of the matrix
Hy_1(z) = VNo1(2)Vvoo(2) - - Vi(2)Ho. (3.25)

The V(z) are not unique in general. However, the final matrix H; is unique and so is
the product V(z) = Vy_;(2)Vy_a(z)---V,(2)[26). This uniqueness will be useful later
in finding sets of orthonormal detail filters which correspond to wavelets. The following

example illustrates a simple decomposition.

Example 3-2 Constder the lossless vector P,(z):

0.022876 — 0.5771242"1
Py(2) =
~0.016176 — 0.8161762}
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To decompose P,(z) we choose

1
u = pi(1)
lp: (L)}
1 —-0.577124
0.999607 0.816176
—0.577351
0.816497

so that

e Tl 1

U = I-wwy +uuz
0.6667 4+ 0.3333> —0.471405 + 0.471405z
~0.471405 4+ 0.471405: 0.6667 + 0.3333z
Then
0.6
U1P1 =Py = y
0.8

which is equivalent to

[ 0.022876 — 0.5771242~!

}%(Z) =
| —0.016176 — 0.8161762"
-
0.6667 + 0.33332"1? ~0.471405 4+ 0.471405z"! 0.6
i —0.471405 4 0.471405z' 0.6667 + 0.33332~! 0.8

a

Having gone through this development, it is useful to provide a summary. We have

shown an IRA requires a unitary alias-component matrix. We related this requirement to
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a z2-domain representation of the alias-component matrix and to the polyphase represen-
tation. From there, we demonstrated that the unitary system matrix (or vector depending
upon your representation) of any lossless system can be factored into a set of degree-one
unitary matrices and a constant (degree-zero) unitary matrix (or vector). The next step

is to describe how we use such factorizations to implement an IRA.

3.4 Compactly-Supported Wavelets

Suppose we have the approximation filter of an IRA found, perhaps, using the tech-
nique described earlier in this chapter. We express it in polyphase form and treat it as one
column of the polyphase matrix ET(z). We can then factor this column like we factored

Py_1(z) and find the unique

U(z) = Un_1(2)Un-a(2) - Uy(2) (3.26)

that decomposes the approximation filter. We can then specify the other filters (columns in
ET(z)) by simply letting the P, be one column in H, (Equation 3.25) and finding the other
columns such that the matrix is unitary. The transformation matrix U(z) will transform
each column independently so that the resulting Hy_, matrix is guaranteed to be lossless

because it has two unitary matrices U(z) and H; as its only factors.

It is interesting to note that the number of different filters that result from this
scheme is equivalent to the number of ways you can specify a constant unitary matrix with
one column fixed. For an arbitrary M, there are degrees of freedom in the choice of the
other columns which means that the detail filters are not unique and so the corresponding

wavelets are not unique.

Because we have flexibility in the choice of wavelets, we can apply some design criteria
in their selection. One choice of design criteria is to minimize the stop-band energy of the

filters. We define the pass-band of the approximation filter as the lower (1/M)-th of the
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normalized frequency range (f € [0,1/(2M)]) and we define the pass-bands of the other
wavelet filters as continuous non-overlapping regions of width 1/(2M). We optimize the
filteis so that the energy outside of their pass-bands is minimized. This is important if
we want the wavelets to correspond to good bandpass filters. We illustrate this with the

following example:

Example 3-3 In Ezxample 3-1 we calculated the approzimation filter coefficients for the

M = 3,N = 2 scaling function. Decomposing this filter, we find

ho + h32-1 715
h1+h43—1 =U(:) 715 ’
hg + h52-1 13
where
1- hg + h§2‘1 —h3h4 + h3h43—1 —h3h5 + h;;hs,?!_l
U(Z) = —h4h3 + h4h32—1 1- hg + hi:‘l —h4h5 + h4h52-1

—hshs + hshaz™!  —hghs + hshyz™' 1 — hZ 4 hiz™!
5

The h,, above are given in Table 3.1. Notice that the constant vector has repeated entries of
the same value. As it turns oul, scaling functions constructed in this way will all have the
value M~1/2 gs the only unique value in the constant vector. This is a result of imposing

reqularity on the filters and is independent of N.

With the U(z) given above, the nezt step is to find two more constant vectors such
that they are orthogonal to the constant vector above and orthogonal to each other. We

need to find the h;; so that
th h20
H,

..-Q‘... Q‘w
W ™) ™)

hll h21
hlg hz'w

3-12




Table 3.2. Unoptimized Detail Filter Coefficients for M =3 and N =2
n hy(n) ha(n)
-0.1001669566712731 | 0.4082482304638631
-0.1571348402636774 | -0.816496580927726
-0.2141027238560812 | 0.4082482904638631
0.8072737378578210 | 0.0
0.1571348402636774 | 0.0
-0.4930040573304665 | 0.0

N W NN -Oo

is unitary. We could choose

h=[yiz 0 -vi2I'

and
h=[/1/6 -v273 Vif6 1"

This would give us the coefficients given in Table 3.2. The frequency responses of the detail
filters given by these coefficients is shown in Figure 3.1°, The approzimation filter is also

shown in the same figure for reference.

We optimize the choice of the two remaining columns to yield detail filter coefficients
which correspond filters with minimum stop-band energy. For the M = 3 case, we assign
the pass-bands to be successtve thirds of the spectrum. The approzimation filter is assigned
the lowest third, and the two detail filters are assigned the middie and upper thirds. The

energy density of a filter is given by

S(fy=H(HH(f) = |H(HP.

?The coefficients for ha(n) are not in error. This particular set of coefficients is unchanged by multipli-
cation with U(z) and can be considered an eigenvector of the matrix.
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In terms of the filter coefficients:

S(f) = Y_R(n)e™™

n

R(0) +2 f: R(n) cos(27n f)

n=1

where R is the autocorrelation sequence given by

R(r)= Z h(n)h(n — 7).

The energy in the stop-band of a filter is found by integrating S(f) over the stop-band. In
this ezample, we want to minimize the energy in the stop-bands of the two detail filters

with respect to their coefficients, so the objective function is given by

: i 3
J(f)= / S.(f)df + /% S:(f)df + / S:(f)df

where S, and S, are the filter energies of the respective detail filters. We only need to
integrate over stop-bands for f € [0,1/2] because |H(f)] is symmetric about f = 1/2 for

filters with real coefficients.

J will be a function of the siz remaining coefficients in Hy. We minimize® J subject

to Hy being unitary and we find

h, = [ —0.812690 0.338143 0.474546 ]"

and

h, = [ 0.078752 —0.743186 0.664434 |*

3Matlab’s constr function (Optimization Toolbox) was used.
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with the corresponding detail filter coefficients given in Table 3.3. The frequency response
of the approzimation filter and the two optimized detail filters are shown in Figure 3.2.

The corresponding wavelets are shown in Figures 5.3 and 3.4. For comparison, the

Table 3.3. Optimized Detail Filter Coefficients for M =3 and N =2
n hy(n) ha(n)

-0.07789569612441 | 0.41307668343873
0.48116523128534 | -0.67811359291308
0.02581048126453 | 0.46026129761925
-0.73479360808553 | -0.33431907117540
-0.14302667214182 | -0.06507479604830
0.44874026380189 | 0.20416947907880

bW -=O

Magaitude versus Normalized Frequency

o8] o /”H\ /\

a6
04
02t

Figure 3.1. Frequency Response of M = 3, N = 2 Approximation Filter and Unoptimized
Detail Filters

wavelets corresponding to the unoptimized detail filter coefficients (Table 3.2) are shown in

Figures 3-8 and 3-3.
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Magnitude versus Normalized Frequency

Figure 3.2. Frequency Response of M = 3, N = 2 Approximation Filter and Detail
Filters with Minimum Stop-Band Energy

1r 4

]

SRS 4

2 4
1 1 A L i .

0.5 0 0.5 1 1.5 2 25 3

Figure 3.3. M =3, N = 2 (Mid-Pass) Wavelet with Minimum Stop-Band Energy (3'(¢)
vs. t)
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Figure 3.4. M =3, N = 2 (High-Pass) Wavelet with Minimum Stop-Band Energy (¥(t)
vs. t)

1+ 1

r i
1 L 1 [l 1 1

0.5 0 0.5 1 1.5 2 25 3

Figure 3.5. Unoptimized M = 3, N = 2 Wavelet (¢(t) vs. t)
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Figure 3.6. Unoptimized M = 3, N = 2 Wavelet (9(t) vs. t)
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IV. Rational Resolution Wavelet Analyses

4.1 Introduction

This chapter introduces a rational resolution analysis (RRA). A rational resolution
analysis is similar to the integer resolution analyses except the approximation and recon-
struction operations are generally more complicated because the approximation spaces are
not embedded, as in the integer resolution analyses. We begin with a definition which is
similar to the integer resolution analysis followed by a description of the decomposition
and reconstruction operations. We study the approximate reconstruction obtained with
compactly supported scaling functions and wavelets. We derive the necessary conditions
for perfect reconstruction. In particular, we show that the spline-based wavelets and scal-
ing functions will give perfect reconstruction. Finally, we provide a description of the

frequency characteristics of the rational resolution analysis.

4.2 Rational Resolution Approzimation

Recall the approximation spaces V,,, for integer resolution analyses were defined as

the spaces spanned by orthonormal integer translations of a single dilated scaling function:

Vin = span{®mn }nez- (4.1)

The integer resolution analysis restricted the dilation factor M to be an integer greater
than 1. Now, for the rational resolution case, we relax this restriction and allow M = p/q
for p,q € Z*, p > ¢, and ¢ # 0. In general, the .ational dilation factors of most interest

will lie between 1 and 2.
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Like the integer resolution case, we define the rational resolution approximation

operation as an orthogonal projection onto an approximation space V,,. We define

#bmn(t) = (p/9)""¢((p/g) ™t - n) (4.2)

and

V= Spa‘u{p/qasmn}nel7 (43)

where ¢, for n € Z is an orthonormal basis of Vj. For f € V,,_;, the approximation of f
in V,, is given by

(P,;qu)(t) = Zcmn p/q¢mn(t)y (44)

where now

Cmn = (fa p/q¢mn>- (4.5)

This is slightly different than the integer-resolution case in that the operator projects from
one approximation space to the next instead of from L?*(R) to an approximation space.
This implies that the projection from L*(R) to some V,, has been found. This difference

will be further explained later.

The p/q forescript is used to explicitly denote the dilation factor. We will generally

omit the forescript throughout this chapter except in cases where it is necessary for clarity.

The approximation at a given level m is entirely characterized by the approximation
coefficients ¢,,, for n € Z. To cast this approximation into a multi-level decomposition
scheme so we can relate f € V,,_, to its approximation in V,,, we need to describe the
relationships between the approximation coefficients at adjacent levels. We want to develop
operators on those coefficients which will effectively project a function from one space to

the next. To do this, we need to look at the relationship between the c,,, and ¢,,_; .
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Given a function f € V,, we write

F(t) =Y condon(t). (4.6)

The first level approximation of f is given by

(PN = 3 eudu()- (4.7)
k
We express the {¢1z}rez in terms of the coefficients of the expansion of f € V:

Cix = Zcon(%m P1k) (4.8)

which relates the two sets of approximation coefficients. We can express this relationship
by defining a filter matrix H' such that its k-th row and n-th column is (Pon, ¢11)- If we

write the approximation coefficients as vectors ¢y and c¢;, then we have
¢; = Heg. (4.9)

This development is identical to the integer resolution case thus far, but the similarity ends

here.

Recall that for the IRA, the approximation spaces are embedded. This allows us to
express the basis function of one approximation space as a linear combination of the basis

functions of the previous approximation space:

#(t/M) = 3 h(n)g(t - n) (4.10)

'We also defined H earlier to be the alias component matrix. Its use will be clear from the context.




where M is the familiar integer dilation factor and h(n) = (¢;0, $on). We will show that for
the rational resolution analysis defined above, the approximation spaces are not embedded
and so the relationship between approximation coefficients at adjacent levels is not so

straightforward.

To see that the approximation spaces are not embedded for rational dilation factors,
let ¢ be an orthonormal basis for V; and r be an arbitrary rational dilation factor. Now
consider the function r~1¢(¢/r) € V;. If we assume embedding of the approximation spaces,

we write

rlg(t/r) = Zc(n)d>(t - n). (4.11)

n

Now consider the function r~2¢(1/r?) € V,. Since V, C V; C V,, this function also has an

expansion in terms of ¢:

r2g(t/r%) = Y d(n)g(t). (4.12)

Taking the Fourier transforms of these two expressions, we find

C(f)e(f)
D(f)é(f) (4.13)

$(rf)
¢(r*f)

with D(f) = ¥, d(n)e~"2"/ and C(f) defined similarly. This leads to

D(f) = C(H)C(rf). (4.14)

Now, we know D(f) and C(f) are both 1-periodic in f from their definitions. However,
C(rf) is 1/r-periodic. Therefore, the product C(f)C(rf) is 1-periodic if and only if 7 is an
integer. Consequently, the approximation spaces are embedded for, and only for, integer

dilation factors.
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This is why we express the projection operators as projections from one approxi-
mation space to the next instead of from L%(R) to an approximation space. When the
approximation spaces are not embedded, the projection from L?(R) onto V, is not equiv-

alent to the projection from L?(R) onto V,,_; and then to V,,.

The relationship between the approximation coefficients at adjacent resolution levels
can now be derived. We demonstrate the relationship in two ways. The first involves the

inner product filter matrix H. Consider the following examples:

Example 4-1 Consider the rational dilation case with p = 2 and ¢ = 1 and scaling
function ¢ = \[p1), the characteristic function. This integer resolution case is a special
case of a rational dilation. The scaling function of the first approximation level is ¢y =

V1/2x10.2)- The inner product matriz is then

0 0 0 0 0
o VI2 iz o© 0 0
H= / / (4.15)
0 0 0o V12 Jij2 ©
0 0 0 0 0

The approximation operation is erpressed by ¢, = Hc,,_; where ¢, represents a column
vector of approzimation coefficients corresponding to the m-th approrimation level. The

values of H are calculated from the definition of the inner product:

(Dons Pre) = \/1/2/_ Xnm+ D)1 X 2k 206+ 1)) (1)L (4.16)

a

Notice for this simple example that the rows of H are identical except for column shifts.

This allows us to write the relationship between the co, and ¢;; in the form with which we
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are most familiar:

e = 3 h(n — Mk)eon, (4.17)
n
where
\/1;2 n=0,1
h(n) = . (4.18)
0 otherwise

Also notice for H corresponding to integer dilation factors, we have
HH =1 (4.19)

which encapsulates many of the orthogonality conditions on the approximation filters dis-

cussed earlier[28]. Now consider a rational approximation case.

Example 4-2 Consider the integer dilation case with p = 3 and ¢ = 2 and scaling func-
tion ¢ = xp1). Now, the scaling function of the first approzimation level is y1x =

(3/2)"¥x103/2). The inner product matriz is now

o
(=]
o
o
o
[==]
[o=]

o
N
-
w
[oon
S~
[=2]
(=]
(=)
(=)
[o=)
o

H= (4.20)

0 0 0 0 o ViJ6 V2/3 o
0 0 0 0 0 0 0
where the values are calculated from the definition of the inner product:
oo
{Gons S1e) = (3/2)-%/ Xinn+) (X138 341 (E) L. (4.21)
-00




The inner product matrices in both the previous examples have similar block structures.
That is, the matrices consist solely of non-overlapping shifted versions of some elementary
submatrix, called a block, along their main diagonal. This is caused by the periodic

behavior of the inner product:

(P1k, Pon) = (Pok-1g, P1n-1p), for each l € Z. (4.22)

The dimensions of the block will depend on the rational dilation factor and the support of
the scaling function. There will be ¢ rows and each block will be offset from the next by

p columns. This is shown in Figure 4.1(a). Another interpretation of the structure is to

(a) (b)

Figure 4.1. Block Structure of the Inner Product Matrix

define the block to have p columns with each block offset from the next by g rows. This
interpretation is shown in Figure 4.1(b). With this interpretation, H can be considered
as a filter operator and the impulse response of the filter can be found by directly looking
at a particular column of the elemental block. Notice that the filter will generally have p
different impulse responses depending on the location of the single non-zero value in the

input sequence.

Figure 4.1 suggests the elemental blocks have finite dimensions. This is true when
compactly-supported scaling functions are used. The width (Figure 4.1(a)) or height (Fig-
ure 4.1(b)) of the fundamental block will depend upon the support of the scaling function.

The matrix entry will be non-zero only for row & and column n corresponding to shifts of
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¢on and ¢, which result in some overlapping support. For scaling functions which are not
compactly-supported, the blocks will have infinite dimensions. However, the inner product
matrix as a whole will still have structure in the sense that rows and columns will regularly

repeat because Equation 4.22 will still hold.

The second description of the relationship between the approximation coefficients at

adjacent levels is presented in the Fourier domain. By Parseval’s relationship

($15> Pon) = (1t Pon)- (4.23)
Now with
Sonlf) = €TIG(),
ou(f) = (p/g) /28R §(f), (4.24)
we have
(Gon, G1x) = VPO f ) $(af)d(pf)e kel 4f. (4.25)

By defining H(f) = qg(qf)é(pf), Equation 4.25 defines the inverse Fourier transform. h,

of H so that

($on, 1¢) = h(nq - kp). (4.26)

By defining
H(f) =Y h(n)e?™, (4.27)

where ~(n) = h(—n), the operation ¢; = Hc, can be viewed as a filter operation where the
{con} are upsampled by g, filtered with H, and downsampled by p. Figure 4.2 illustrates

this. This leads to the following relationship between the approximation coefficients:
aix = Y h(ng — kp)con. (4.28)
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—— g o H(f) lp -

Figure 4.2. Processing diagram for Rational Resolution Approximations

Notice the case where ¢ = 1. The dilation factor becomes simply p and the same expression
as the integer resolution case results. The integer resolution analysis is simply a rational
resolution analysis with ¢ = 1. This is intuitive considering the integers are a subset of the

rational numbers.

4.8 Rational Resolution Reconstruction

The previous section dealt with the approximation operation of a rational resolu-
tion analysis. This section will discuss reconstruction. Like the approximation operation,
rational resolution reconstruction is more complicated than the integer resolution case be-
cause the approximation spaces are not embedded. Embedding implies each approximation
space can be expressed as the direct sum of a lower-resolution approximation space and
one or more detail spaces. Any information not carried into the next approximation is
retained in the detail space(s). Consequently, reconstruction is simply the recombination
of information contained in the approximation and detail spaces and no information is lost
because the direct sum of the subspaces equals the original space. The orthogonality of

the subspaces ensures no redundant information is obtained in the approximation space.

When the approximation spaces are not embedded, it is not clear how the detail
information can be represented. We could define a detail space which is orthogonal to the
rational approximation space. A space whose orthogonal basis is an equivalently-dilated
wavelet would qualify. However, this space cannot be the orthogonal complement of V/,
in V,,,_,. This is a consequence of the approximation spaces not being embedded. Hence.

we do not have wavelets which represent the detail information in the same way as the
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integer resolution wavelets so we must find another way to recover the information lost

during rational approximation.

Suppose we have a function f € V,,_; which has been projected onto V,, via a rational
approximation operator P#4. Our goal is to reconstruct f from the approximated version

(PPl f). First we approximate (PP f) by projecting it onto a space V/ defined such that

V., = span{D¥%y b1 hiez. (4.29)

where D is defined as the dilation operator such that (D?f)(t) = f(6t). Notice that the
{D" bmi}icz span the same space as the p-dilated basis functions of V,,_;. In other

words, we also have

Vi = span{D¥ pdm_1 1 }iez- (4.30)

Consequently, if ¢ is defined so that it satisfies the integer dilation equation

é(pf) = H(f)(f) (4.31)

for some H(f) = 3, h(n)e~*2™/ it follows that we have V,, C V,,_;. If V},, is an embedded
subspace of V,,,_, based on an integer dilation factor of p, then it will have p — 1 mutually
orthogonal detail spaces. From this point, the reconstruction is the same as an integer

resolution analysis based on p. Define the following projection operators on L*(R):

Pr;r:/qf = Z(f p/q¢mk >p/#mlu
k

Pvz:f = (I/q)Z(f»Dl/qp/pml)Dl/qp/ﬂ&mh
i
Pof = (1/p)Y_{f, D" ybm1.4) D' i 1,
]
Qnf = Y {f, DVPybmr ) DM yton - (4.32)
1}
4-10




The notation D'/?y ., ; denotes the wavelets which form the orthogonal complement
of V, in V,_;. The RRA approximation and reconstruction scheme is illustrated in Fig-

ure 4.3.

—— Decomposition
- -~ Reconstruction

m+1

<

m+1

Figure 4.3. Summary of Rational Resolution Approximation and Reconstruction

We cannot assume this scheme yields perfect reconstruction unless we start with the

correct approximation in V). So, we need to study the projection onto V}, from 17,,.

In order to get perfect reconstruction, the projection onto V! must be the same

regardless whether we project from V,,_; or V,,. This implies that for f € V,, we must

show
PLPEif = Pif. (4.33)
To show this, we start with
PYif= Z(f’p/q‘pmk)p/pmk- (4.34)
)
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Projecting this function onto V,, gives:

PLPY S = ST S (f, itk Moot s DV i) DY gy b
1l k

> <f » 2ottt DY "p/q¢mz>p/q¢mk> DSy, (4.35)
k

l

where we have used the fact that all the functions are real. Now, consider the projection

of f directly onto V,,:

PLf= Z(f, lepp/pnv-l,l)DI/pp/qum-l,I- (4.36)
1

Substituting

Dby = (p/9)/* DY o, (4.37)

we find that in order to show the equivalence of the two projections, it is necessary and

sufficient to show

Dl/qP/me = Z(P/ mkle/qp/ mI)p/q¢mk- (4.38)
k

This simply says D'/? ¢, is a linear combination of the D'/?,/4,.;, from which it follows
that these spaces must also be embedded. So, in order to get perfect reconstruction, we

must define the space V), such that V], C V,,_; and V,,, C V,,.
The projection from V,, to V)] is interesting. Dilating both sides of Equation 4.38 by

(p/q)™ gives
Hu = (o, u)dor. (4.39)
¥

By substituting (y@mi, DY pbmi) = V@ dok, #u) in this expression, we arrive at the
condition:

Hu = Z(%k, 1) bok- (4.40)

k
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This implies that the approximation operator which projects from V,, to V,, is based on
an integer dilation factor of ¢. That is, given a function f € V,,,, we have P?f € V. This
is significant because integer-based projection operations are generally easier to implement

than rational ones.

As a summary of this section and the previous one, consider Figure 4.3. From this
figure, the processing scheme suggests that the rational resolution analysis is superimposed
upon an integer resolution analysis. The reconstruction procedure exactly corresponds
to an integer resolution analysis except the approximation in V, is found by way of an
intermediate space V,,, rather than by direct projection from V,,_;. We have also established
that perfect reconstruction is obtainable only if the V) spaces are defined to be embedded
subspaces of both V,,, and V,,_;. The next section discusses the role of the scaling function

in this requirement.

4.4 Scaling functions and Perfect Reconstruction

For perfect reconstruction, the choice of scaling function plays a key role in the ratio-
nal resolution analysis. The scaling functions are intrinsically related to the approximation
spaces. Thus, placing requirements on the approximation spaces will have repercussions

in the choice of scaling functions. We have already seen one constraint in Equation 4.31.

In this section, we show by example that the compactly supported scaling functions
which were described in the previous chapter do not lead to approximation spaces which
allow perfect reconstruction using the scheme described in the previous section. However,
we demonstrate that the reconstruction obtained from these scaling functions is still very
good. We conclude with a description of a class of scaling functions which lead to embedded

approximation spaces and provide an example.

We want to show by example that the compactly-supported scaling functions defined

previously do not satisfy the perfect reconstruction scheme of the previous section. To do
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Figure 4.4. Compactly Supported Scaling Function with p =3 and N =2 (¢(1) vs. 1)

this, consider Equation 4.40 again. Suppose we are using a compactly supported scaling
function based on an integer p = M dilation. We can calculate the sum in Equation 4.40,
dilate it by 1/q, and compare it to the original scaling function. Consider the following

example.

Example 4-3 Consider the M = 3, N = 2 compactly supported scaling function ¢ shown
in Figure 4.4. Define the approzimation space V, to be the span of its orthonormal integer
translates. Now suppose ¢ = 2. With p = 3, we calculate the inner products required in
Equation 4.40 (See Appendiz B for details). If this equation holds, then the scaling function
dilated by 2 is in V. Conversely, ¢oo should be in the space spanned by D*¢q, for n € Z.
In Figure 4.5, we graphically compare ¢oo and its projection onto the space spanned by of

D?¢o, for n € Z. Although the two scaling functions have the same basic shape, they are
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obviously not equivalent. For instance, they have unequal supports. From this we conclude

the approzimation spaces V; and V| are not embedded.

a

Because the approximation spaces based on compactly-supported scaling functions
are not embedded, we cannot hope to obtain perfect reconstruction. However, because the
shapes of the two scaling fuuctions in the previous example are similar, we can expect a
reasonable reconstruction. In order to see this effect of this approximation, we return to

approximation coefficients and discrete filter operations.

The multiresolution analysis, rational or otherwise, is a linear transformation. As
with most discrete processing systems, the impulse response is very important in that it
provides a great deal of information about the characteristics of the system. Consider the

following example.

Example 4-4 Suppose we have a set of approrimation coefficients

1 n=0
Con = (4.41)
0 otherwise
and wc want to rationally approrimate these coefficients and then reconstruct. Assumc that
p = 3 and q = 2 and the scaling function associated with the analysis ts the one given in the
previous example (Figure 4.4). We decompose this set of approrimation coefficier.*s using
the cocfficients in Table 4.1 which were calculated as in Appendiz B. The resulting appror-
imation coefficients are shown in Table 4.2. The detail coefficients are generated using
the optimized detail filter coefficients of Ezample 3-3. These detail coefficients generated

from the ¢y, are shown in Table 4.3.

Now, the ¢y, are filtered via the coefficients in Equation 4.40 for the scaling function

given shown in Figure 4.4. These filter coefficients are given in Table §.4. The result-
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Table 4.1. Rational Approximation Filter Coefficients
n h(n)

-4 | -0.000287420672395512
-3 | -0.0440663791657491
-2 | 0.00572865007567187
-1 | 0.305000213846163

0| 0.734891371897753
0.908269395408422
0.582716289665621
0.126436376018966
-0.0975392317518494
-0.0709325019117585
-0.000764787823073089
3.77671951090657¢e-05

~N O U W

Table 4.2. Rational Approximation Impulse Response Coefficients with p = 3 and ¢ = 2
k Cik

-2 | -0.000764787823073

-1 | 0.126436376018966
0| 0.734891371897753
1} -0.044066379165749

Table 4.3, Detail Coeflicients

d} d?
-1 1-0.73479360808553 | -0.33431907117540
-0.07789569612441 | 0.41307668343873
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ing coefficients are approrimate approximation coefficients and we denote them by ¢,.

The true approzimation coefficients, c};, are found by filtering the co, with the M = p

Table 4.4. Approximate Reconstruction Filter Coefficients
n h(n)
-2 | -0.000258795002995204
0.0051580987167051
0.487272389375389
0.830841375288264
0.220942569573341
-0.128892692818564
-0.000849382759163267

oW N O

integer-resolution approrimation filter. Both sets of coefficients are given in Table 4.5.
The similarity of the two sets of coefficients is a good indication of the degree of perfect
reconstruction which is obtainable in this case. Combining the ¢, in Table 4.5 with the
detail coefficients in Table 4.3, we obtain ¢p, which is an approzimation of the original
con- The égn are given in Table 4.6 and shown graphically in Figure 4.6. The values of the
éon are identically zero outside the range of n shown in the figure and listed in the table.
The impulse response shown in Figure 4.6 is non-causal (has non-zero values for n < 0)
because the filters used to obtain it are non-causal. In practice, we would be constrained to

causal fillters and would naturally expect a delay in the imnpulse response.

Table 4.5. Comparison of True Approximation Coefficients and Approximate Approxi-
mation Coefficients

l Cii C’“
-310.0 6.495975913362887e-07
-2 100 -0.017089903223261

-1 1 0.2389641719057618 | 0.2727245348859523
0.3383860972838639 | 0.3221324728780859
1100 -0.0004174849486161193
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Table 4.6. Impulse Response Coefficients for a Rational Resolution Using the M = 3,
R = 2 Scaling Function
n Eoﬂ
-9 | 2.198147937372851e-07
-8 | 3.448299084782647e-07
-7 | 4.698450232192443e-07
-6 | -0.00578283042412773
-5 | -0.009071908848033937
-4 | -0.01236098727194014
-3 | 0.007340162900056513
-2 | 0.0171263011937004
0.02691243948734121
1.002567516653402
-0.00705767970676463
-0.01668287606694384
-0.004025304999031559
-0.0009776385395248G52
0.002070027919981815
-9.976394502917046e-05
-1.941892920712597e-05
6.092608661491856e-05

W N DU bE WO
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Figure 4.6. RRA Reconstruction of Impulse Function

Although the approzimation coefficients have significant differences, the effect on the
reconstruction is minimal in this case. To illustrate this point, Figure 4.7 shows a sample
signal and its reconstruction using the coefficients given above. Any differences between

the two are not graphically detectable.

We mentioned earlier that the rational resolution approximation will generally have
more than one impulse response. For simplicity, we demonstrated only one of the three in
the previous example. Figure 4.7 indicates that the other two responses are similar to the

one demonstrated in the example.

For the particular choice of scaling function in the previous example, the quality of the
approximate reconstruction is comparable to the exact reconstruction. Cursory inspection

of the actual values of the sample signal indicate exact agreement to 6 decimal places. To
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investigate whether the choice of scaling function has any effect on this performance, the
same experiment was performed with the M = 3, R = 3 scaling function, which is more
regular than the one in Example 4-4. The scaling function is shown in Figure 4.8 and the
comparison between it and the 1/2-dilated linear combination given by the inner product
calculations of Equation 4.40 is shown in Figure 4.9. The impulse response reconstruction

is given in Table 4.7 and the sample signal reconstruction is shown in Figure 4.10.

L

0.6

Figure 4.8. Compactly Supported Scaling Function with p =3 and R = 3 (¢(1) vs. 1)

When impulse response coefficients in Table 4.6 and Table 4.7 are compared, it is
apparent that the coefficients in Table 4.6 are closer to a true impulse response. This
would seem to indicate that the approximation is better with the lower regularity scaling
functions. A quick inspection of the actual reconstructed samples in Figure 4.10 reveals
that this is true. The approximate values differ somewhat from the actual values although

these differences are not detectable in Figure 4.10.
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Table 4.7. Impulse Response Coefficients for a Rational Resolution Using the M = 3,
R = 3 Scaling Function
n éOn
-15 | 2.521503816700972e-08
-14 | 5.252538602629477¢-08
-13 | 8.779863683804167¢-08
-12 | 2.364535890286332e-05
-11 | 4.916486647168172e-05
-10 | 8.211815480890592e-05
-9 | 0.002455484054276105
-8 | 0.005030148725821753
-7 | 0.00834900132830889
-6 | -0.001828456187451866
-5 | -0.01244507728606293
-4 | -0.0268146562922356
-3 | -0.009806152342156149
-2 | 0.006368699629402036

-1 1 0.02988496789836725

0] 1.015390801838894

1| 0.004469421168744825

2 1 -0.0134326466588571

3 | -0.006385114138053594

4 | -0.00366493783613446

5] 0.002158128377207594

6 | 4.95087263142172%-05

7| 0.0001268319880036728

8 | -0.0001776711990643005

9 | 9.029619674973409e-05
10 | 5.573695713435322e-05
11 | -5.928195953517768e-05
12 [ 5.267473524307781e-09
13 | 3.251115519546015e-09
14 | -3.457748942040833e-09
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While the analysis of the reconstruction properties using compactly supported scaling
functions is a topic for further investigation, we suggest that the reconstruction quality
decreases with regularity of the scaling functions. The actual choices for the rational
dilation factor p/q might also affect the reconstruction quality and it, too, is a topic for

further investigation.

4.5 Spline-based Scaling Functions and Perfect Reconstruction

In the previous section we generally discussed the class of compactly supported scal-
ing functions and showed we could get reasonable reconstruction results using the scheme
we developed earlier. In this section, we want to further comment on the perfect re-
construction conditions and discuss the class of spline-based scaling functions which are

suitable for achieving perfect reconstruction.

When the approximation spaces are defined as in Figure 4.3, we have shown it is
necessary to have V), as an embedded subspace of both V},_; and V|, for perfect recon-
struction. For the compactly supported scaling functions in this thesis, this condition is
not met. The exception to this is the scaling function which is the characteristic function
X[o,1)» We cannot say categorically that there are no other compactly supported scaling
functions which lead to perfect reconstruction but such an investigation is beyond the

scope of this thesis.

Recall how the compactly-supported scaling functions were developed. We needed
to develop a set of projection operators which satisfied certain orthonormality conditions.
We cast the projection operators in terms of discrete filters and from these the scaling
functions were generated. The approximation spaces were then defined in terms of the
scaling functions. That is, we defined an approximation space as the closed linear span of
integer translates of the scaling function we had defined. In all cases, the scaling function

was defined before the approximation space.
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But the constraints for perfect reconstruction in the rational resolution scheme are
placed on the approximation spaces, not directly on the scaling functions. Hence, if we
want to satisfy conditions on the approximation spaces, we can start with those spaces
and not with the scaling functions. In other words, we can define the approximation
spaces to satisfy the rational resolution perfect reconstruction constraints, then find the

corresponding scaling functions, not vice versa. Consider the following simple example:

Example 4-5 Consider the space of piecewise constant functions. An orthonormal basis

for this space is the familiar characteristic function xp,1). If we let

Vo = span{X(n,n+1)}nez (4.42)

then for all rational dilation factors p/q, it is easy to see that the space embedding condition

for RR perfect reconstruction will hold because we can write

p(i+1)
Aptp(i+1)) = Z Xn,n+1) (4.43)
n=pl
and
q(i+1)
Aigha(i+1)) = Z X[n,n+1)- {4.44)
n=yql

As a general class of functions, consider the B-splines. A B-spline is a piecewise
polynomial function such that at its nodes (or knots), only B — 2 continuous derivatives
exist. Further consider the B-splines which have knots at the integers. For instance. the
linear splines (2-splines) are continuous at the integers, but its first derivative generally does
not exist. Example 4-5 illustrates the simplest case of B-spline functions: the piecewise

constant functions. These functions are not even continuous at the integers. The B-spline
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spaces are interesting because they satisfy the RR perfect reconstruction conditions. To

see this, consider the following example:

Example 4-6 Define the approzimation space V, to be the space of all linear splines in
L*(R). Assume we have a function ¢ such that the integer translations of ¢ form an or-
thonormal basis of V,. For any rational dilation factor p/q, it is clear that we can write
o(t/p) and ¢(t/q) as a sum of ¢(t — n) because the p and q-dilated versions of ¢ will also
be piecewise linear except their nodes (or knots) will occur at integer multiples of p and
g respectively instead of at every integer. Hence, conditions for RR perfect reconstruction

will be satisfied because the approrimation spaces are embedded.

This example extends to any space of spline functions, but while the scaling function
¢ can be found in a straightforward manner, it generally does not have compact support.
Hence, the approximation filter will not have compact support. Thus its implementation
will introduce errors because we would have to represent an infinite length filter with
a finite length approximation. Additionally, we cannot produce the spline wavelets by
Vaidyanathan’s technique described in the previous chapter. This is a topic for future

investigation.

4.6 Frequency Domain Interpretation of the RRA

In this section, we detach ourselves from the mathematics of the rational resolution
analysis to investigate its discrete-time signal processing characteristics. Throughout this
thesis we have cast the approximation and reconstruction operations in both the integer

and rational multiresolution analyses as discrete filter operations. We have discussed the




frequency characteristics of the filters for integer resolution analyses; this section discusses

the frequency domain interpretation of those for the rational resolution analysis.

We expressed the rational resolution approximation processing as an upsampling by
g, then filtering by h, followed by downsampling by p (see Figure 4.2). This sort of scheme
is typically used in discrete-time signal processing to do rational sampling rate changes.
The filter is used to prevent aliasing. See [17] for more details on rational sampling rate

changes.

For the integer resolution analysis based on a dilation of p, each successive approxi-
mation had the effect of a low-pass filtering operation. In terms of the frequency spectrum,
each approximation was effectively the lowest 1/p-th of the frequency spectrum of the pre-
vious approximation. For the rational resolution case, we can extend this idea and say
that each approximation is effectively the lower ¢/p of the spectrum of the previous ap-
proximation. It is easy to see the effects of a 1/p low-pass filter operation for the integer

case, but the rational p/q case takes a bit more explanation because of the upsampling.

When a discrete-time signal is upsampled by ¢, the sampling rate is effectively in-
creased by ¢. In terms of the actual signal, upsampling inserts ¢ — 1 zeros between each
sample so that the sampling period T is effectively decreased to T/q. Compressing the
discrete-time axis by q has the effect of dilating the frequency axis by the same amount.

This is important when you consider the effect of the anti-aliasing filter h\P4),

Suppose we have a discrete-time signal with sample period 7, which is band-limited

to its Nyquist frequency f, = 1/(2T;). If we define normalized frequency w such that

w=2nfT (4.45)
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where T is the sample period, then w, = 7 results®. Suppose we upsample this signal by ¢
so that the new sample period is T» = T;/¢. The signal will be still be bandlimited to f,.

but now, the corresponding normalized frequency will be w, = 7 /q.
If h#4) is a lowpass filter with a cutoff frequency w, = 7 /p, then the effective cutoff

of the signal in continuous frequency will be

W Qe

T, T,

S (4.46)

Substituting for w, in terms 7 f, | we find

fe

1l
-~
-

(4.47)

This implies that the aproximation filter has an “effective” cutoff frequency of ¢ times
that of 117" so that we can interpret the entire rational approximation operation as keeping
the lower ¢/p of the input spectrum via a lowpass filter with cutoff at w, = =(¢/p). To
verify that the approximation filter A"%) is indeed a 7 /p lowpass filter, consider Figure 4.11
which is the frequency response of the filter given in Table 4.1. The “extra™ gain in the
filter (indicated by the magnitude at f = 0 being v/6 and not 1) is to compensate for the

loss which occurs in the upsample operation. See [17] for details.

Compare this frequency interpretation with that of the integer resolution analysis.
For an integer dilation of p, the approximation filter is lowpass in that it passes the lowest
1/p of the input spectrum. For the rational dilation case, we see that the approximation
filter is again lowpass. but it trirs to pass the lowest p/¢ of the input spectrum because
of the upsampling. Once again we see how the integer resolution analysis is just a special

case of the rational resolution analysis corresponding to ¢ = 1.

“We use [ here to denote continnous frequency. We have used f previously in this thesis te denote both
continunous and normalized frequency because we assumed a unit sample period. We introduce o hore to
avoid confusion and to be consistent with discrete-time processing literature.
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Figure 4.11. Frequency Response for Table 4.1

4.7 Conclusions

We conclude this chapter with a summary of its major points. We described the
rational resolution approximation as a series of projections onto a set of non-embedded
approximation spaces. The basis function of one approximation space is simple a p/q
dilation of the basis function of the previous space. In this respect, the RRA is similar to
the IRA. We saw how the filtering operation for rational dilation factors was an upsampling
by ¢. a discrete filter operation, followed by downsampling by p. Reconstruction is more

complicated because the spaces are not embedded.

The reconstruction scheme involves a further projection of the rational approximation
onto a newly defined lower resolution approximation space V). This space was defined to be
an embedded subspace of the original higher-resolution space so that the integer resolution
reconstruction technique could be used to reconstruct the function. We showed that a
necessary condition for perfect reconstruction was that the approximation space 1, be an

embedderd subspace of Vi, and of Vi, _,.
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We demonstrated that the compactly supported scaling functions of previous chapters
did not in general lead to perfect reconstruction in the rational resolution scheme. However,
we presented examples which demonstrated that the approximate reconstruction was very
good for two particular compactly supported scaling functions. Thus, although we could
not get perfect reconstruction, compactly-supported scaling functions were still useful with

rational resolution analyses.

We described a set of approximation spaces which satisfied the RR perfect recon-
struction condition. The spaces of B-splines satisfy the conditions because they represent
functions whose break points or “knots” are defined at the integers. Integer dilations of
these functions will still have knots at integer values so that the approximation spaces
defined by the b-splines are embedded for all integer dilations, not necessarily restricted to
the integer dilation used to generate the scaling function. However, the scaling functions
generally do not have compact support and it is unclear at this time how the corresponding

B-spline wavelets can be generated.

The final section presented an interpretation of the rational resolution analysis in
terms of its frequency characteristics. We showed that the rational approximation is a low-
pass filtering operation like the integer approximations. The cutoff frequency is roughly
defined by the dilation factor. We use some of the frequency domain characteristics in

practical applications of the rational resolution analysis in the next chapter.
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V. Applications

5.1 Introduction

In this chapter we present some practical applications of the Rational Resolution
Analysis. Our main goal is to compare and contrast the RRA developed in previous
chapters with the conventional dyadic MRA on a variety test signals including human
speech. We want to investigate the time-frequency localization characteristics, the coding
potential, and sources of errors for the RRA with respect to the dyadic case. We find areas

where the RRA has advantages over the MRA and also identify areas where it falls short.

5.2  Time-Frequency Characteristics

Wavelet analysis was primarily developed to aid in the processing of non-stationary
signal-signals whose frequency characteristics are not constant with respect to the inde-
pendent variable (usually time or position). This section qualitatively investigates the
time-freqency processing characteristics of the RRA and compares it to the dyadic MRA.
We are specifically interested in the two methods’ ability to localize frequency and whether

or not we can determine if one is better than the other in this respect.

Define a rectangular input sequence

1 [n - 200{< 100
rect(n) = for n € {0,1,...,399}

0 otherwise.
We decompose this sequence with both a dyadic MRA and an RRA with dilation factor
of 3/2. We use regularity based on N = 2 for both. The results of the decompositions are
presented in Figures 5.1-5.11; these require some explanation. The independent variable n
is increasing left to right along the bottom edge these images. The vertical axis indicates

increasing levels of decomposition and. thus, coarser resolution. Each horizontal band
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Scale

Figure 5.1. Grey Scale Representation of Rect Function Detail Coeflicients for M = 3.
N =2 p=3.4g=2.5levels. (Wavelet 1)

Shift

represents the approximation or detail coefficients at that level. depending upon what
is being illustrated. The darker the block. the greater the magnitude of the coefiicient.
White corresponds to zero and solid black corresponds to the coeflicient wit!: the greatest
magnitude at each resolution level. All other values at that level are linearly scaled hetween
zero and this value. The height of each band is individually scaled 1o correspond to
the dilation of the basis function at that level. If we were to express the vertical axis
logarithmically, the bands would have equal height. The ratio between widths of adjacent

bands is determined by the dilation factor.

Figures 5.1 and 5.2 are the detail coefficients for a rational resolution decomposition
of the rect function with p/q = 3/2and N = 2. The detail filters used in the decomposition
are the same stop-band optimized filters developed in Example 3-3. The decomposition
of the dyadic case is shown in Figure 5.3.  We can observe several thinas about these

figures. First, it is apparent that the wavelets in hoth the RRA and MRA highlight the
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Shift ™
Figure 5.2. Grey Scale Representation of Rect Function Detail Coefficients for M = 3.
N =2 p=3.¢q=2,5levels. {Wavelet 2)

Scale

Shuft”
Figure 5.3.  Grey Scale Representation of Rect Function Detail Coeflicients for M = 2,
N=2.p=3¢g=25lcvels.
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Scale

Shift
Figure 5.4. Grey Scale Representation of Rect Function Approximation Coefficients for
M=3.N=2.p=3.¢9g=2,5levels.

high-frequency edges of the input signal. This verifies the high-pass nature of the scaling
filters. Second, it is not apparent whether one representation or the other hetter localizes

the edges of the input.

Before moving on. cousider the RRA and MRA approximation coeflicients which re-
sult from processing the rect input signal. These are shown in Figures 5.1 and 5.5 respec-
tively. They show similar behavior in that the edges begin to blur as the decomposition

level increases.

Now consider a non-stationary signal such as a chirp. Define an input sienal

sin(2w((n - 100)/100)*) n € {100.101..... 299}
chirn(n) = (5.1)
0 otherwise

This signal is shown in Figure 5.6. Although the signal i~ a set of discrete points. the

signal shown is continuous so that its structure is apparent. Tlis signal has tinie-varving
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Shift

1. 5 levels.

=2.q¢

Grey Scale Representation of Rect Function Approximation Coeflicients for
M=2N=2)p

5

Figure

Figure 5.6. Chirp Signal




Scale

Shift
Figure 5.7. Grey Scale Representation of Chirp Function Detail Coefficients for M = 3.
N =2.p=3.¢g=2, 5]levels. (Wavelet 1)

frequency so we would expect this feature to appear in the detail and approximation
coefficients shown in Figures 5.7~ 5.11.  Recall the wavelets used in the rational resolution
decomposition correspond to detail filters which have been chosen to hiave minimum stop-
band energy. This implies they have maximum pass-band energy aund, thus. have maximum
response to specific bands of the spectrum. Also. recall that these pass-bands were defined
to be adjacent to each other in the spectrum. Thus, since the chirp has monotonically
increasing frequency. we expect to see the two wavelets responding to parts of the chirp
which are next to each other at each resolution level. This is indeed the casc as seen in the
third and fourth level coefficients in Figures 5.7 and 5.8. The image of the sccond wavelet
responds (more black) to the higher frequencies and the first wavelet responds more to the
lower frequencies. If the two images are overlaid, it is evident that the two wavelets are

responding to adjacent parts of the chirp.
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Figure 5.8 Grey Scale Representation of Chirp Function Detail Coefficients for M = 3.
N =2.p=3.¢=2.5levels. {Wavelet 2)
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Figure 5.9.  Grey Scale Representation of Chirp Function Detail Coefficiens for M = 2,
N=2,p=2qg=1.5levels.
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Figure 5.10. Grey Scale Representation of Chirp Function Approximation Coefficients for
M=3.N=2.p=3.¢=2.5levels.

Stuft

Figure 5.11.  Grey Scale Representation of Chirp Function Approximation Coefficients for
M=2 N=2.p=2.q9=1.5levels.
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This is a very important characteristic because it demonstrates the ability of the
RRA to localize specific frequencies better than the corresponding MRA. The resolution
in response of the MRA in Figure 5.9 does not allow a specific frequency or scale to be as
accurately determined as with the RRA in this example. However, we must also point out

that it takes two wavelets in this RRA case.

We should mention at this point that it is inaccurate to compare the decomposition
images of the RRA and MRA for the same signal. We know that because the approx-
imation spaces are not embedded for the RRA, the spaces spanned by the wavelets are
not orthogonal between levels: the detail information is over-specified. Consequently, the
decomposition images shown in this chapter must be interpreted with this in mind. For
the most part, it does not pose a problem for getting the general charateristics from the
images, but it becomes important when we make comparisons between the two types of
analysis. To illustrate this, consider the effective sampling rates for the various levels of
decomposition for the two wavelet analyses presented above. For the dyadic case, the ef-
fective sampling rate is given by (1/2)™ whereas in the rational case the effective sampling
rate is given by (1/3)(2/3)"~*. For four levels of decomposition, this corresponds to 1/16

for the dyadic and 8/81 for the rational.

5.3 Speech Processing

We performed several experiments with speech signals to attempt to highlight differ-
ences between the MRA and the RRA. We also used these signals to compare the results
of processing with different dilation factors. We sought to be able to determine whether
speaker-dependent characteristics were present in the approximation and/or details of one

decomposition versus another of a different dilation factor.

For these investigations, we used clean (without noise) sampled speech data from

three speakers, 2 male and 1 female, from the TIMIT data base. The test sentence was
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the same for each of the speakers. Each speech signal was originally sampled at 16 Khz,
but was downsampled to 8 KHz to reduce the size of the data files. This made them more

manageable and decreased processing time for the investigations performed.

Our first investigation involved trying to determine whether the RRA could separate
the three speakers better than the MRA. The hypothesis was that the RRA provided a
better set of features for identification than did the MRA. One of the complaints of the
MRA is that significant information “fell between the cracks” of the detail and approxi-
mation spaces. That is, at a particular level of decomposition, a significant feature of a
signal is projected partly into the detail space and partly into the approximation space.
This diminishes its eflectiveness as a feature because it could be overshadowed by other
information which lies squarely in one space or the other, but would otherwise not be as
significant. The RRA would not suffer from this as much because the resolution steps are
finer and because the detail spaces at each level are not generally orthogonal with the de-
tail spaces at other levels. Hence, if some important information fell “between™ two detail
spaces or a detail space and approximation space, another detail space would highlight it

at either a previous or successive level of decomposition.

To investigate this, we assumed the information which was most significant for re-
construction was contained in the detail signals. By keeping some highest percentage of
the detail coefficients, we could compare the resulting reconstruction to the original signal
as a function of that percentage. The idea being that the reconstruction would be better
with the RRA because the most important information would be redundantly represented

in the detail coefficients and less affected by the thresholding.

In order to compare the recoasiructions, we have used the metric defined by the [*
norm. It has been pointed out by Anderson[1] that this may not be a valid metric for

speech signals. However, we chose it because our goal for this test was reconstruction from
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a mathematical standpoint. The I? norm is defined on sequences a € 1*(Z) to be:

1/2
llal| = (Z |a,,|?) (5.2)

and the corresponding metric (distance) for a,b € I*(Z) is

1/2
D(a,b) = (Z[a,, - b,,|2) ) (5.3)

For the purposes of comparison, we calculate normalized error by finding the distance
between the reconstructed and original sequences and dividing by the norm of the original

sequence.

For each speaker, the sentence was decomposed 3 levels for the MRA case and 5
levels for the RRA. The RRA used a dilation factor of 3/2 with M = 3 and N = 2
wavelets and scaling functions. The MRA also used N = 2 wavelets and scaling functions
so that the regularity between the two would be comparable. In this investigation. the
MRA and RRA were decomposed to different levels to that the effective sampling rates of'
the approximations at the lowest level were the same. The effective sampling rate is given
by

ra = (g/p)", (5.4)

where m is the decomposition level. The sampling rate for the dyadic at m = 3 is 0.1250
and for the rational at m = 5 is approximately 0.1317. The threshold percent represents
the number of overall detail coefficients kept in the reconstruction, independent of level.
We mention this to avoid confusion with other thresholding techniques which are based on
the values of the coefficients. In this investigation, the percent represents the percentage
of all detail coefficients set to zero. A threshold of 96% implies that the the top 10% of all

coefficients are unchanged, the rest being set to zero.

Figures 5.12 and 5.13 present the results of this investigation. The results demon-
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Figure 5.13. 3-level MRA Reconstruction Error for 3 Speakers
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strate that both methods effectively separate the female speaker from the two males. How-

ever, the error for the RRA is worse than the MRA and the RRA does not appear to

separate the speakers better or worse than does the MRA.

As a follow-on investigation, we performed the same processing except that the RRA
was decomposed to 3 levels instead of 5. This is done so that the effective sampling rate of
the detail coeflicients is equivalent. For the RRA, the effective sampling rate of the detail

coefficients is given by

ra=(1/p)-(¢/p)""! (5.5)

so that the effective sampling rate of the detail coefficient for the MRA and RRA for
3 levels of decomposition is 0.1250 and 0.1481 respectively. For the MRA, the effective
sampling rate depends only on level and not whether we are considering the approximation
and detail coefficients. This is caused by the symmetry of the decomposition. Figure 5.14

presents these results. These results are slightly better than those obtained with the

Female —
Mak | ----
Male2 -

08 | b

Normalized Error

9 95 9% 97 98 99
Threshotd Percent

Figure 5.14. 3-level RRA Reconstruction Error for 3 Speakers
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MRA. This indicates that overall reconstruction error might be linked more closely to the
eflective sampling rated reduction of the detail coefficients rather than the approximation

coefficients.

These results are generally not encouraging, however. A possible explanation of the
ability to separate speakers by sex is that female speech generally has higher frequencies
than male speech. Consequently, it would make sense that the female speaker could be
separated because more of her signal would be contained in the details of the decomposition.
Since we are thresholding the detail coefficients, her speech is most affected, hence the
difference in relative error compared to the male counterparts. However, we must be
careful in drawing too many conclusions because we have used only three speakers in the

comparison.

To illustrate the effects of the choice of dilation factor on the separation of speakers,
we calculated the normalized reconstruction error for the female speaker and the first
male speaker as a function of both the dilation factor and threshold percent. We used
dilation factors of ¢ = 5 with p € {6,...,9} and ¢ = 6 with p € {7....,11} which provides
a relatively large set (9 points) of rational numbers between 1 and 2. The number of
decomposition levels for each dilation factor was chosen so the effective sampling rate of
the approximation coefficients was approximately 0.10. This resulted in as many as 15
levels of decomposition for p/q = 7/6 to as few as four for p/q = 11/6. The results are
shown in Figure 5.15. Notice that we still see the obvious separation between the male and
female speakers. We can make some other observations also. One reason we might fail to
see any significant variation in two surfaces that might be used to distinguish speakers is
the low regularity of the scaling functions and wavelets used in the analysis. Also, notice
that the ripples in the surface indicate that the reconstruction error for dilations where
g = 5 is generally less than those dilation factors where ¢ = 6. However, the deviations

are relatively small and for a given threshold percent, the error curve is generally constant
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accross all the dialations. This is a significant result: from a coding standpoint, we can

perform arbitrary rational sampling rate changes within the RRA framework and not

significantly increase the relative error.

5.4 Impulse Response Error Analysis

In this section we investigate the error associated with choice of dilation factor. We
want to determine general trends in reconstruction error as a function of the dilation
factor. To do this, we decompose and reconstruct an impulse signal for various rational
dilation factors and then calculate the relative error as a function of the dilation factor
and the impulse position. The impulse position affects the error because for an analysis
with rational dilation factor p/q, there will generally be p unique impulse responses and

each will have unique error contributions.

The investigation focuses on rational dilation factors p/q between 1 and 2. We first
investigate the case where we fix ¢ = 6 and vary p € [7...11]. We use N = 2 scaling
functions and wavelets. Figure 5.16 presents the results. Notice that the error curve for
each of the dilations generally has a minimum for impulse positions near the center of the
range [0...p]. Also notice that at the zeroth position, the dilation factors closer to unity
have the least error and that the error at zero position is an upper bound for all the other
errors. If this holds for all rational resolution analyses, then it becomes a very simple way

to calculate the worst-case reconstruction error.

Now we fix p = 11 and vary ¢ € [6...10]. We again use N = 2 scaling functions
and wavelets. Figure 5.17 presents the results. The same trend as the previous figure
is observed. The dilation factors closer to unity yield the least error and almost perfect

reconstruction can be obtained for impulses near 4 and 5.

We conclude with two comments on this analysis. First, a quick investigation of ihe

individual error contributions of the wavelets and scaling functions yields identical results.

5-16




—_——

b jue)suo)) Yjim s1040ej Uoljei(] 10 JOIIF UOIIINIISUCIIY Jo uosedwlo) ‘9y°G aInBiy

uonisod asyndug
o1 8 9 L4 [4 0
l L] 1 L
! o \ 1
/
[ - 9/11 =b/d . ]
L 901 =b/d / .
T 9/6 = b/d ; 1
..... 9/g =byd /
L — 9fL=b/d \. 1
L
:
|
” 1 1 1 1 ]

80-°1

L0931

90-31

€0-91

10000

1000

100

10119 POZITEULION

5-17




01

d jue)suo)) Y)im $I1030%) uoiR[i(] 10} JOIY UOI}ONIISU0IRY Jo uosiredwio) “21°G aInSiyg

uonisod asmndu
8 9 14 (4 0
80-91

LO-31

o1/i1 =byd \

90-91

60-31

10000

100

1o

Joir] pazijeuLioN

5-18




That is, when the RRA approximation coefficients projected from V,, are compared to the
actual approximation coefficient projected from V,,_,, the errors were identical to those of
the reconstructed signal. This indicates that the overall error is attributable only to the
error in the projections from V,, to V. for the compactly-supported scaling functions in

this thesis; the detail coefficients contribute nothing to the error.

Second, the flat portions of the error curves in Figure 5.17 exist as roundoff error.
The machines used in this thesis have a 16-digit accuracy so that a squared error on the

order of 10~1° gives errors on the order of 10~% when the square root is taken.

5.5 Conclusions

In this chapter we presented the results of several investigations on various input
signals including human speech. In general, we saw the performance of the RRA compare
favorably with that of the MRA. Although, we did not get gaod results for the speech
signals, we found a potential coding application in the relatively constant reconstruction
errors for a wide range of dilation factors. We also saw that the reconstruction error
of the MRA depended upon the choice of dilation factor and, in terms of the impulse
responses, depended upon the position of the impulse. We saw that the upper bound on

the reconstruction error was generally found for impulses at n = 0.
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VI. Conclusions and Recommendations

6.1 Introduction

This chapter provides a conclusion to this thesis. We summarize the major points
and evaluate how well the objectives of the thesis were met. Because most research efforts
raise more questions than they answer, we conclude with a brief description of some of

those issues and how they translate into areas for future research.

6.2 Major Points and Evaluation of Objectives

The main contribution of this thesis is the refinement of the theory and practical
implementation of a rational-resolution analysis. We have also demonstrated a technique
to generate families of compactly-supported scaling functions with an arbitrary degree of
regularity and an arbitrary resolution base. Throughout this thesis we have worked in
the domains of both the mathematical framework of multiresolution wavelet analysis and
multirated digital signal processing, thereby showing the relationship between the two.
Finally, we have presented some preliminary investigations into the applicability of the

RRA.

We can express the results of the thesis in terms of the specific objectives enumerated
in the first chapter. First, we have shown how the dyadic multiresolution analysis can be
extended to an arbitrary integer dilation factor (or resolution base) using the theory of
perfect-reconstruction multirate filter banks. We have shown the major difference between
the two is the number of basis functions necessary to span L?(R). In the dyadic (M = 2)
multiresolution analysis, there is a single wavelet whose dilations and translations form an
orthonormal basis for L?(R). For an arbitrary integer multiresolution analysis, there are

M - 1 wavelets dilated and translated by powers of M required to span L%(R).
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The second objective was to see if a rational resolution analysis theory could be im-

plemented. This thesis has demonstrated this objective. We have implemented a rational-
resolution analysis which is similar to the dyadic multiresolution analysis in regard to its
implementation. However, unlike multiresolution analyses (dyadic or arbitrary integer res-
olution base), the RRA implemented here does not require that the approximation spaces
be embedded. In fact, it is this requirement that had thus far prevented a feasible RRA
from being developed. We have described the perfect-reconstruction property of the RRA
including a description of a class of scaling functions (the B-splines) which allows perfect
reconstruction. We have demonstrated near-perfect reconstruction using the compactly-

supported scaling fuuctions.

The last objective was to determine the feasibility of the implementations of both
integer and rational-resolution analyses and their applicability to real-world problems.
The implementation of the integer-resolution analysis is effectively that of a perfect-
reconstruction multirate filter bank. We have also cast the implementation of the RRA in
terms of discrete-time filter operations with rational sampling rate changes. In both cases,
the feasibility is automatic and also, the implementation is relatively fast and efficient. The
application of the RRA to speech processing gave only mixed results at best. We attribute
this not to a failure of the RRA, but to the way RRA was applied to the problem. There
are many areas of speech processing which could possible benefit from the RRA. Those

areas Yecome an area for further research.

6.3 Recommendations

There are several recommendations we can make concerning this research.

e For the classes of compactly-supported scaling functions generated in this thesis,
we have shown that perfect reconstruction is not possible. It would be useful to

investigate whether there exist compactly-supported scaling functions which do yield
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perfect reconstruction and whether they can generated. Perhaps the solution to this
problem lies in generating scaling function which are based not on a single dilation

factor p, but on two dilation factors p and gq.

We did not demonstrate perfect reconstruction using the spline wavelets for lack of
a technique to build the detail filters. For the compactly-supported scaling function,
we used a modification of Vaidyanathan’s technique which is applicable only to FIR

filters. It would be useful to develop a technique to find the spline detail filters.

We mentioned earlier that the choice of wavelets is not unique so that we are [ree
to choose which wavelets we use *n a particular analysis. This suggests that wavelet
choice can be optimized with respect to some criteria. Vaidyanathan suggests an
optimization based on the frequency content of the detail filters, but we can optimize
the filters (and thus the wavelets) based on any criteria. Specifically, for a given
resolution base and regularity, there might be a choice of wavelets better suited for
one application than another. For example, in a image processing application, one
set of wavelets might be better for segmenting out one object as opposed to another.

This might have applications in target recognition.

For the speech signals used in the previous chapter, it would be useful to do a
listening test to get a more subjective evaluation of the reconstruction quality due

the the various dilation factors and thresholding levels.

Basis function regularity greatly impacts the coding and reconstruction of speech
signals. In our examples on speech, we have used N = 2 scaling functions and
wavelets. An obvious area for research is to investigate the effects of filter regularity

on the reconstruction and coding.




6.4 Conclusion

The ultimate goa: of this research was obtained. The theory of a multiresolution
analysis based on an arbitrary rational dilation factor has been developed and implemented.
Its main advantage over the dyadic multiresolution analysis is its flexibility in the choice
of dilation factors and its ability to exploit information which might “fall between” the

approximation and detail space in the dyadic case.
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Appendix A. Generating Scaling Functions and Wavelets

A.1 Introduction

This appendix describes the generation of the compactly supported scaling functions
and wavelets used in this thesis for inner product calculations and plotting. It is loosely
based on the graphical construction technique described in Daubechies[6] and the reader

is referred to her paper for a more rigorous treatment.

A.2 Mathematical Foundations

Recall the relationship between the scaling function ¢ and the scaling filter H:
(M) = MY h(n)g(t - n) (A.1)

where 3 is the integer dilation factor and H(f) = M2, h(n)e~"*""/. In the frequency

domain

(M f) = H(f)$(f) (A.2)

where H(f) = M~Y/*¥_h(n)e~"?*"/. By iterating Equation A.2, we obtain an expression

for ¢ in terms of the infinite product:

o(f) = (ﬁ H(M-ff)) 40). (A3)

ji=1
With ¢(0) = J é(t)dt = 1, the scaling function is completely defined by the scaling filter.
We can write a similar definition in the time domain by expressing Equation A.1 recursively.

Notice that the recursive definitions in both time and frequency domain imply that
¢ is defined by an infinite recursion. It is impossible to do this so we typically use a finite

number of recursions to create an approximation, 7, to the true scaling function ¢. We
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recursively define 7 in a manner similar to ¢:

m(t) = MY2Y h(n)ne_y(Mt - n). (A.4)

By choosing an appropriate seed function 7, it can be shown that 7., = ¢. Daubechies[6)
has shown this convergence when the seed function is the characteristic function x(-1/2.1/2)-
There are other seed functions which work, but the characteristic function will be the most

useful for the purposes of this thesis.

We can graphically show the construction of a scaling function by letting ny =
X[-1/2,1/2) and applying Equation A.4 for several iterations. Figure A.2 shows 2 levels
of iteration for Daubechies’ 4-coefficient scaling function. Notice that the basic structure
of the scaling function begins to emerge at the first iteration. By choosing an appropriate
level of recursion, the scaling function can be approximated with an arbitrary degree of
accuracy. However, it is important to realize that we do not have a closed form for ¢ and
the best we can do is approximate it with 7. This is usually adequate for generating plots

but can lead to problems when trying to perform inner products and other calculations.

The wavelet(s) v are generated in a similar manner as ¢. Recall the definition of
¥(t):

Y(M~'ty = MY?Y " g(n)g(t — n). (A.5)

By following a similar development as above, we can write an approximation for ¥ by

substituting 7, for ¢ in the above expression.

A.3 Scaling Function and Wavelet Support

The support of a particular compactly-supported scaling function depends on the
dilation factor M and the length of the scaling filter. From Figure A.2, you can see

the support of the function increases by M ~* for each iteration level k. This increase is
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bounded in the limit by the following expression:

supp(¢) C [0, 5], (A.6)

where

i N-M-1
=14(N-1 M-k)=——-—, A7
o= 14 >(§: M- (A7)

M is the (integer) dilation factor, and N is the degree of the zero of the scaling filter in the
frequency domain. In general, N is the number of filter coefficients divided by the dilation
factor. For example, the support of the scaling function in Figure A.2 with M = 2 and

N = 2 will be 3.0, which agrees with Daubechies’ result obtained in [6].

A.4 Plotting

An algorithm to calculate the 7, follows directly from the graphical construction
method described in Figure A.2. The approximations at successive iteration levels are
represented as arrays of points. Each point represents the amplitude of a characteristic
function of a certain width. The width between each point is a function of the iteration
level and the dilation factor. For example, the characteristic function corresponding to the
zeroth iteration in Figure A.2 can be simply represented with a single element array. The
next iteration would yield an array of 4 values and the width of each element would be
one half the width of the previous element. In general, the element width ratio between
iteration levels will be 1/M so that the width of an element at a particular iteration level
is M~*. Each iteration level will have an array of values corresponding to the 5 at that

iteration.

For plotting purposes, it is usually sufficient to use 7 or 8 iterations. However, for
inner product calculations, we want as many iterations as possible to improve accuracy. For

large iteration levels, the implementation described above requires a great deal of computer
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memory. The number of points at a particular iteration level is approximately exponential
with the iteration level. Calculating n; for large k can quickly exceed the memory capacity

of a machine. One way to avoid this is to implement the processing recursively.

Equation A.4 can be implemented recursively so that the particular value of 7, can
be calculated without explicitly calculating all values of 7_;. For a given iteration level,
both the number of points and the width of each element can be calculated. Let Aty be

the elemental width of 1, and /(7n;) be the number of points. Notice that

sk = U(me) - Aty (A.8)
with (7)) recursively defined as
l(no) =1
{ne)=M -((m-)+ N -1) (A.9)

and At, = M~*, so that the support of 7, is given by

supp(m) C [0, si]- (A.10)

If ni.(i- Aty) is evaluated for 7 € [0,{(n) — 1], these points are equivalent to those of

M calculated in the non-recursive manner.

The recursive technique is not without its limitations. While the non-recursive tech-
nique is plagued with memory problems, the recursive technique requires a great deal of
processing time. The amount is combinatorially dependent on the number of coefficients,

the integer dilation factor, and the iteration level.

One possible solution to this dilemma is a hybrid technique which incorporates the

best of both. Instead of recursively calculating every 7, this technique retains an 7, in
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computer memory so that during the recursive calculation of 7, only k — p recursion levels
are required. In other words, the calculation recurses down to level p where the values are
looked up in an array instead of any further time-consuming recursion. The level p can
be determined by the amount of memory available on a particular machine. Notice that

p = 0 would correspond to the total recursion technique.

While this technique would provide some speedup compared to the total recursion
technique, it is not clear whether the amount of time still required would make it a practical
alternative to the all-memory version. The amount of time required might depend more

on the number of points to calculate rather than the levels of recursion.
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Appendix B. Calculation of Inner Products

B.1  Introduction

This appendix discusses the procedure used in this thesis for calculating inner prod-
ucts between scaling functions of different dilations. This calculation is necessary in order
to generate the coefficients of the filter operator which takes a function from one rational
approximation space to the next. For the most part, filter coefficients corresponding to
integer dilation factors are not found by calculating inner products between dilated scaling
function. In general, their calculation can be done more efficiently and more accurately
via solution of a set of filter constraint equations. For the rational dilation case, it is not
apparent how to formulate a similar set of constraint equations; hence, the filter coefficients

are found by the inner product method discussed below.

B.2 Scaling Function Approzimations and Integration

The inner product between two functions in L?(R) is defined as

o= [ s (2)ds. (B1)

The asterisk on g(z) denotes complex conjugation. It is usually omitted when all the
functions are assumed to be real, which they are in this thesis. To calculate inner products
with scaling functions, we are forced to use the approximations n; because it is generally
not possible to calculate the compactly supported ¢(¢) exactly (see Appendix A). However,
given

klinolo m=¢ (B.2)
we can pass the limit inside the inner product integral to obtain
o0 oo
klirgo/ n(pt — n)m(qt — k) = / #(pt — n)p(qt — k)dt (B.3)
- —~o0 -0
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by use of the Lebesgue Dominated Convergence Theorem (LDCT)[22]. We can apply the
LDCT because the scaling functions have finite energy, Equation B.2 holds pointwise, and

we can always find another finite-energy function f such that

f() 2 |me(pt — n)m(qt - k)| (B.4)

for all k sufficiently large.

The approximation of ¢ discussed in Appendix A is very useful for the inner product
calculations. It is a piecewise constant function with each piece having a constant width'.
This allows us to calculate integrals with the 7, exactly. The LDCT ensures that values of

these integrals will converge to the values of the same integrals using the exact function ¢.

B.3 Inner Products between Scaling Functions with Different Dilations

Filter coefficients are defined in terms of inner products between scaling functions of
different dilations and integer shifts. For example, the coefficients for a particular scaling

filter with an integer dilation factor M can be expressed as

h(n) = (¢(+), M~ 2¢(M~1 . —n)). (B.5)

To implement this calculation, the scaling function approximation 7 and its dilated version
are aligned and the corresponding piecewise products are summed. The result is divided
by the width of a piece of the undilated version. This is illustrated in Figure B.3 for
M = 2. The figure shows the first two elements of both the dilated and undilated 7. The
width of an undilated element is Az. Notice that the boundaries of the elements in the

figure are aligned. This will always be the case when the dilation factor is an integer and

!The shape of the approximation of ¢(t) will depend upon the generating function used to construct
the approximation. For instance, if a piecewise linear function was used, the approximation of ¢ would
also be piecewise linear. We assume the approximation is piecewise constant to simplify calculations. See
Appendix A for a more detailed description of this.
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Figure B.2. Graphical Representation of Inner Product Calculation (Rational Dilation)

it allows you to set the elemental width for the summation to be the elemental width of

the undilated 7.

When the dilation factor is not an integer, the calculation becomes slightly more
complicated. Figure B.3 shows the first two elements in an inner product calculation when
the dilation factor is 2. Notice that the boundaries of the two scaling functions are generally
not aligned. In order to do the calculation, either the boundaries must be aligned or the
sum taken over a new elemental width. It is more practical to sum over a new elemental

width when the dilation factor is a rational number.

This width is Aw in Figure B.3. For an arbitrary rational dilation factor p/q.

Aw = Az/q so that an integral number “fits” exactly within Az and p/¢ Ar (¢ and
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p respectively). The width Az will depend entirely upon the resolution of the particular n
approximation of ¢. The calculation of the inner product can be done now by multiplying
the two n’s pointwise at integer multiples of Aw, summing those products, then dividing
the sum by Aw. It is a good idea to evaluate 7 at a small offset to avoid numeric problems
at the edges between elements. Specifically, if € = Aw/2, evaluating 7(i - Aw + €) will

ensure you are “in the middle” of the width of each elemental piece.




Appendix C. Compactly-Supported Scaling Function Coefficients

This Appendix contains the filter coefficients which correspond to the compactly-
supported scaling functions described in this thesis. M is the dilation factor of the filter
and N is the degree of the zero in the frequency domain. In general, the number of

coefficients equals N - M.

C-1




Table C.1. M = 3 Scaling Function Coefficients

N n h(n) N n h(n)
N=1] 0| 0.5773502691896258 12 | -0.004390717677040114
1| 0.5773502691896258 13 | -0.0117630392913734
2| 0.5773502691896258 14 | 0.005939350606862516
N=2| 0| 0.3383860972838639 N=6} 0| 0.04641991275107735
1| 0.5308361870137393 1] 0.1639465729921871
2| 0.7232862767436145 2 | 0.4066715005201326
3| 0.2389641719057618 3| 0.5656198750350017
4 | 0.0465140821758866 4 | 0.5822303477386939
5 | -0.1459360075539887 5| 0.2439043899487991
N=3]| 0] 0.2031351458445597 6 | -0.03360979671294295
1| 0.4231503391080737 7 | -0.2535074168509084
2| 0.707315562281546 8 | -0.0827402704145488
3| 0.4462253778312972 9 | -0.001567872609927079
4| 0.1986450810341451 10 | 0.1160507314856822
5 | -0.1772352755829245 11} 0.003460975861427684
6 | -0.07201025448623133 12 | 0.0004017081380376375
7 | -0.04444515095259269 13 | -0.03676774192974475
8 | 0.04726998249100431 14 | 0.00823961325938988
N=4| 0] 0.123406981953495 15 | 0.0000864425883298631
1| 0.3178956389295323 16 | 0.005397775753665225
2 { 0.6213168633509574 17 | -0.002185939985627229
3| 0.5614260707071095 N=7} 0 0.02863469944250044
4 | 0.3689078320251187 1] 0.1145779336727611
5 | -0.0862580790830778 2| 0.3130369746334096
6 | -0.1277798008064663 3| 0.5052370391891819
7 | -0.1337592046407223 4 | 0.6066049784880124
8 | 0.05875903404126836 51 0.389300653623506
9 | 0.02029701733548439 6 | 0.0928372491743659
10 | 0.02430600287569403 7 | -0.2229533413299443
11 | -0.01646754911952597 8 |-0.1671131569370772
N=5| 0| 0.07550761756142822 9 (-0.07162196707431434
1] 0.2308607082172001 10 [ 0.1226804243338364
2 | 0.5130453503201613 11 | 0.04678622725673165
3| 0.5926979649102604 12 ! 0.02814719913757102
4 | 0.5034315642711169 13 | -0.05893429635971259
5| 0.07274582768780658 14 | -0.002075105196602145
6 | -0.1155977613104273 15 | -0.006590670189590142
71 -0.2180464638838977 16 | 0.01777849645238094
8 | 0.006923562601957478 17 | -0.003400563925014199
9| 0.02913316570543634 18 | 0.0007067195113203001
10 | 0.07286749987660257 19 | -0.00240392606630167
11 | -0.02130382202713998 20 | 0.00081523973607586
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Table C.2. M = 4 Scaling Function Coeflicients

N n h(n) N n h(n)
N=1| 0; 05 2| 0.261409705243678
1 0.5 3| 0.4621234160454917
2| 05 4 | 0.5034896944442804
3| 0.5 5| 0.4974275790863239
N=2| 0| 0.2697890493972125 6 [ 0.3582663910214228
1 0.3947890493972125 71 0.02935921938985153
2| 0.5197890493972127 8 | -0.06205420421900776
3] 0.6447890493972127 91 -0.1720416625275725
4 | 0.2302109506027876 10 | -0.1653977530053066
5] 0.1052109506027876 11 | 0.0311291404573808
6 | -0.01978904939721243 12 | 0.01081024188096791
7 1-0.1447890493972125 13 | 0.05413053935774315
N=3}| 0 0.1508314546357131 14 | 0.05420808584702153
1] 0.2819260000350612 15 } -0.0299790295109188
2 | 0.4442705454344095 16 | -0.001415646351253019
3| 0.6378650908337577 17 | -0.0086466114650548
41 0.4102152723259671 18 | -0.00848642904691611
5| 0.2730261815272712 19 | 0.007367253618095049
6| 0.07333709072857486 | N =6 | 0| 0.02837982990998122
7 | -0.1888520000701211 1| 0.084920390919197
8] -0.06104672696167835 2| 0.1894452880035414
9 1 -0.05195218156233073 3| 0.3634158417256748
10 | -0.01760763616298289 4 [ 0.4630341033971846
11 | 0.05098690923636504 5| 0.521603688112835
N=4| 0] 0.0857141205095909 6 | 0.4581682609563594
1| 9.1931389929529531 7] 0.1884297474496925
21 0.3491797139433843 8 | 0.03064209572041676
31 0.5616487834808844 9 | -0.151511509208909
4| 0.49550221952709 10 | -0.2217355640601113
5 0.4145659963852793 11 | -0.04963847654759235
6 | 0.2190322276022618 12 | -0.03004065049723437
7] -0.1145365868219623 13 | 0.06148349926787944
8 | -0.0952932238298487 14 | 0.1006557092799305
91 -0.1306953948763132 15 | -0.01252355607606148
10 | -0.0827500202815714 16 | 0.00916526414636643
11 | 0.07198039995437733 17 | -0.01940336450539526
12 | 0.01407688379316929 18 | -0.03095839677252821
13 | 0.02299040553808251 19 | 0.01321015681716564
14 | 0.011453807873592691 20 | -0.00118064267988948R8
15 { -0.01909259661329754 21 | 0.00290729541121007
N=5} 0/ 0.04916991424491036 22 | 0.004424702589612802
1] 0.1291301555484611 23 | -0.002893713372051781
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Table C.3. M = 5 Scaling Function Coefficients

N n h(n) N n h(n)
N= 0| 0.4472135954999579 8 | 0.1287274768405204
11 0.4472135954999579 9 [ -0.1279100395776194
2] 0.4472135954999579 10 | -0.07629704034654595
31 0.4472135954999579 11 1 -0.1133335965818052
4} 0.4472135954999579 12 1 -0.1071173925933397
0] 0.2291122486958535 13 | -0.0469153020891433
1} 0.3185549677958451 14 | 0.07800580122278156
2} 0.4079976868958367 15| 0.01065157792180793
3| 0.4974404059958284 16 | 0.01919978418230139
4 | 0.5863831250958201 171 0.01929325164155149
5| 0.2181013468041045 18 | 0.007354271535558496
6 | 0.1286586277041128 19 | -0.02019486489967753
7] 0.03921590860412127 | N=5| 0| 0.0369295857643589
8 | -0.05022681049587032 1| 0.0864822003896527
9 | -0.1396695295958619 2 | 0.1630385669708455
0| 0.1226418655699167 3| 0.2735816072515638
1| 0.2115096557509954 4 | 0.4258097847282368
2 | 0.3182659897520724 51 0.4434891758283
3] 0.4429108675731478 6 | 0.4572821120709057
4 | 0.5854442892142215 7 | 0.4051300667360689
5 0.3779406579655435 8| 0.2626790616132943
6 | 0.2896477967033775 9 | 0.002712951480869918
71 0.1655778478012153 10 | -0.03555071825051925
8 | 0.00573081125905639 11 | -0.1281179958592347
9 | -0.1898933129230993 12 | -0.1669842966509591
10 | -0.05336892803550154 13 | -0.1209852164559706
11 | -0.05394385695441473 14 | 0.04533689941226271
12 | -0.03663024205332937 15 | 0.002437098513524916
13 | -0.001428083332245672 16 | 0.0374251056022139
14 | 0.05166261920883635 17 | 0.05487109596566571
= 0| 0.06693186642815647 18 | 0.03745650892140251
1] 0.1364344418138782 19 | -0.03475938322425875
2 | 0.2322802998208425 20 | -0.0000915463544155504
3| 0.3580471492130495 21 | -0.005857826702287961
4 | 0.5173126987544992 22 | -0.0088018375203643
5| 0.4459271914965655 23 | -0.005518365829028025
6 | 0.4049129660856119 24 | 0.00811334310413951
71 0.3027574366309285
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Table C.4. M = 5 Scaling Function Coefficients (continued)

N n h(n) Nin h(n)
N=6| 0| 0.02051980444910794 15 | -0.04003381202512913
1§ 0.05415134428079754 16 | 0.02688551062236399
2| 0.1114576256922577 17 | 0.07989589044878187
3| 0.2012850535192487 18 | 0.0805790774016231
4 | 0.3342197800496445 19 | -0.02258740257607172
5| 0.3996119866793481 20 | 0.01213573568549719
6 | 0.4564050600513028 21 | -0.00839671639398176
71 0.4578850077299457 22 | -0.02516131296018287
8 | 0.369949626302656 23 | -0.02371218660701047
9 | 0.1505135168490312 24 | 0.01623310032102943
10 | 0.05658960992477092 25 | -0.001609729213060351
11 | -0.0831415456624427 26 | 0.00130994260250239
12 | -0.1805630929152357 27 | 0.003699477504981466
13 | -0.1841525577767697 28 | 0.003264582660787288
14 | -0.02785215868011903 29 | -0.003313240462983433




Table C.5. M = 6 Scaling Function Coefficients

N n h(n) N n h(n)
N=1] 0] 0.4082482904638631 12 | -0.04779458872577158
1| 0.4082482904638631 13 | -0.05069209412595289
2 | 0.4082482904638631 14 | -0.04224936923547141
3 | 0.4082482904638631 15 | -0.02246641405432692
4 | 0.4082482904638631 16 | 0.00865677141748031
5| 0.4082482904638631 17 [ 0.0511201871799504
N=2| 0| 0.2018407738385801 N=4] 0] 0.05572988604737748
1| 0.2698821555825572 11 0.1050926383523982
2| 0.3379235373265344 2] 0.1705385816962569
3| 0.4059649190705117 3| 0.2539577544607309
4| 0.474006300814489 4| 0.3572401950275974
5 | 0.542047682558466 5 | 0.4822759417786338
6 | 0.2064075166252832 6 | 0.4080354889061076
7] 0.1383661348813059 71 0.3847969539507332
8 | 0.07032475313732867 8 | 0.3246490761695098
9 | 0.002283371393351552 91 0.2219217404171019
10 | -0.06575801035062568 10 | 0.07094483154818399
11 | -0.1337993920946029 11 | -0.1339517655825801
N=3| 0] 0.1049238332330833 12 | -0.06405884983625399
1| 0.1700677095768791 13 | -0.0976286550965853
2| 0.2465518162113377 14 | -0.1056293478217274
3| 0.3343761531364593 15 | -0.082390812866354
4 | 0.4335407203522437 16 | -0.02224293508512964
51 0.5440455178586907 17 | 0.0804844006672756
6 | 0.3511190459565507 18 | 0.00854176534668483
7| 0.2888726750129367 19 | 0.01598735325736644
8 | 0.2039458434879964 20 | 0.01868998041987424
9 | 0.0963385513817303 21 | 0.01475960845243124
10 | -0.0339492013058611 22 | 0.002306198973259885
11 | -0.1869174145747785 23 | -0.02056028639941723
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Table C.6. M = 6 Scaling Function Coefficients (continued)

N n h(n) Nl n h(n)

N=5| 0] 0.02995834418878171 3 | 0.02209470468778374
1| 0.06414562072724588 41 0.02957020047325365
2| 0.1142831722968498 5| 0.040995665474175
3 | 0.1839227287556434 6 | 0.001156942247115822
4| 0.2769310263586415 7| 0.006300234219310142
5| 0.3974898077578217 8 | 0.02078210190349239
6 | 0.4003041010582172 9| 0.04385725021651865
7| 0.4188327209012286 10 | 0.07316259259029323
8 | 0.3995957157224446 11 | 0.1044547456409219
91 0.3302762044714527 12 | 0.2746019565327771

10 | 0.1972972805099502 13 | 0.3407764197133076
11 ] -0.01417798838814122 14 | 0.388698033710682

12 | -0.02066311814903798 15| 0.4155336801713361
13 | -0.0968092105655529 16 | 0.4210558109178919
14 | -0.1440198478127712 17 | 0.408167458610194

15 [ -0.1466547658878028 18 | 0.1924213371475503
16 | -0.0871836624059057 19 | 0.0966050895763715
17 | 0.05381380339945708 20 | 0.006591282579620384
18 | -0.00193543121123696 21 | -0.07235329535143365
19 | 0.0260631696830913 22 1 -0.1369374131080576
20 [ 0.04568663517974514 23 | -0.1863704076244232
21 | 0.04839816099185513 24 | -0.07963276184528923
22 | 0.02440091724472992 25 1 -0.05654629332141781
23 | -0.03736195152418986 26 | -0.02979290274345203
24 | 0.0005843945785826144 27 | -0.002277800234288918
25 | -0.003984010280720485 28 | 0.02376657637685398
26 | -0.007297384920941675 29 [ 0.04704306688550553
27 | -0.007694037865814324 30 | 0.01015052096474545
28 | -0.003197271242108155 31 | 0.00806437466981969
29 | 0.00848461922037111 32 | 0.00499665091764906

N=6| 0| 0.00955029551298974 33 | 0.00139375107012385
1| 0.01304846570266636 34 | -0.002369476690216469
2| 0.0169731241919911 35 | -0.006042238426359006
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Table C.7. M = 7 Scaling Function Coefficients

N n h(n) N n h(n)
N=1 0 0.3779644730092272 14 | -0.04356647929253521
1| 0.3779644730092272 15 | -0.04724346368787514
21 0.3779644730092272 16 | -0.04320688740955714
3| 0.3779644730092272 17 | -0.03145675045758156
4| 0.3779644730092272 18 | -0.01199305283194779
5| 0.3779644730092272 19 | 0.01518420546734398
6 | 0.3779644730092272 20 | 0.05007502444029371
N=2| 0| 0.1820860761697475 | N=4 | 0| 0.04827799192057586
1| 0.2360810008853514 1| 0.0855454129896321
2 | 0.2900759256009553 2 | 0.1334565988935662
31 0.3440708503165593 3| 0.1931134868714732
4 | 0.3980657750321632 4| 0.2656180141624482
5| 0.4520606997477671 5| 0.3520721180055859
6 | 0.5060556244633709 6 | 0.4535777356399815
71 0.1958783968394797 7| 0.3781248366224261
81 0.141883472123876 8 | 0.3639696092803986
9| 0.087888547408272 9| 0.3255966481074033
10 | 0.03389362269266805 10 | 0.259700141386153
11 | -0.02010130202293581 11 | 0.1629742773993588
12 | -0.07409622673853972 12 | 0.03211324442974472
13 | -0.1280911514541436 13 1 -0.136188769239979
N=3| 0| 0.0926794040869014 14 | -0.05556962380363828
1| 0.1429973444071671 15 | -0.0850665076111028
2| 0.2010288454010908 16 | -0.0980592182612519
31 0.2667739070686723 17 | -0.0912419440368151
4} 0.340232529409912 18 | -0.06130887322050606
51 0.4214047124248097 19 | -0.004954194095036613
6 | 0.5102904561133648 20 | 0.0811279050568761
7| 0.3288515482148742 21 | 0.007131268270212489
8 | 0.2822105922899487 22 | 0.01351595835064323
9 | 0.2201425150177076 23 | 0.01697044426986016
10 | 0.1426473163981501 24 | 0.01639278878876893
11 | 0.04972499643127694 25 | 0.01068105466827485
12 | -0.0586244448829132 26 | -0.001266695330717368
13 | -0.1824010075444182 27 | -0.02055239844730261
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Table C.8. M = 7 Scaling Function Coefficients (continued)

N n h(n) Ni|n h(n)
N=5| 0| 0.02547293891079519 18 | -0.1243336643910737
1§ 0.05075013025828832 19 | -0.06176006119987676
2 | 0.0863334949637646 20 | 0.05893353785482703
3| 0.1342373567811073 21 | -0.004424054994927929
4 | 0.1966334590697807 22 | 0.01835674396538422
5| 0.2758509647948308 23 | 0.03670396212991989
6 | 0.374376456526889 24 [ 0.04586611620041481
7| 0.367489241888185 25 | 0.04046204445618074
8| 0.3863341750310027 26 | 0.01448090675427949
9 | 0.3813604927362881 27 | -0.0387178154705925
10 | 0.3456128372275629 28 | 0.000960375347910158
11 | 0.2715061723060899 29 [ -0.002727828570636248
12 | 0.1508257833507116 30 | -0.005802376452088698
13 | -0.02527272268198999 31 | -0.007350881781635344
14 | -0.01153402814983906 32 | -0.006303538438884565
15 | -0.07474874768192308 33 | -0.00143312069786309
16 | -0.1206311003758032 34 | 0.00864501677298443
17 | -0.1404009554253633
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Table C.9. M = 8 Scaling Function Coefficients

n h(n) N n h(n)
0| 0.3535533905932738 | N=3 | 0| 0.083658276085724
1] 0.3535533905932738 11 0.1240047617351233
2| 0.3535533905932738 2 | 0.1698755191125425
3| 0.3535533905932738 3| 0.2212705482179815
4 | 0.3535533905932738 4 | 0.2781898490514403
51 0.3535533905932738 5| 0.3406334216129192
6 | 0.3535533905932738 6 | 0.4086012659024174
7| 0.3535533905932738 7 | 0.4820933819199369
N=2| 0] 0.1669973759042 8 | 0.310134941408303
1| 0.2111915497283592 9| 0.273636143933663
2| 0.2553857235525184 10 | 0.2260888030029839
3| 0.2995798973766775 11 | 0.1674929186162655
4| 0.3437740712008368 12 | 0.0978484907735067
5| 0.3879682450249959 13 | 0.0171555194747075
6| 0.4321624188491552 14 | -0.07458599528013066
7| 0.4763565926733144 15 | -0.1773760534910087
8| 0.1865560146890733 1€ | -0.04023982690075423
9| 0.1423618408649142 17 | -0.04408751507551423
10 | 0.098167667040755 18 | -0.04241093152225384
11 | 0.05397349321659584 19 | -0.03521007624097416
12 | 0.00977931939243665 20 | -0.02248494923167421
13 | -0.03441485443172254 21 | -0.004235550494354479
14 | -0.0786090282558817 22 | 0.01953811997098512
15 | -0.1228032020800409 23 | 0.04883606216434463
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Table C.10. M = 8 Scaling Function Coefficients (continued)

N n h(n) Nin h(n)
N=4| 0/ 0.04294578648476931 4 | 0.1484062411512839
11 0.07231622565417008 5| 0.2041722742290823
2| 0.1091519993131062 6 | 0.2724989773770527
3| 0.1541436414275804 7| 0.3549676353333151
4| 0.2079816859635952 8 | 0.3415248451795527
5| 0.2713566668871534 9| 0.3593172076325466
6 | 0.3449591181642582 10 | 0.3610197867070042
7| 0.4294795737609114 11 | 0.3423790453483093
8 | 0.3538254217040411 12 | 0.2987961795188312
9| 0.344771731160197 13 | 0.2253271181980097
10 | 0.3188463088757665 14 | 0.1166825233822948
11 | 0.2739775529527471 15 | -0.03277220991492413
12 | 0.2080938614931327 16 | -0.005574944858665277
13 | 0.1191236325988996 17 | -0.05883618537589542
14 | 0.00499526437204878 18 | -0.1008959954806414
15 | -0.1363628450854222 19 1 -0.1264098705399874
16 | -0.0493475787629123 20 -0.1295154054463694
17 } -0.07515734135924746 21 | -0.1038322946179448
18 | -0.0896196439430277 22 | -0.04246233199825156
19 | -0.0906628846162363 23 | 0.0620105889436502
20 | -0.07621546148086722 24 | -0.005921533591333628
21 | -0.0442057726389109 25 | 0.01297857285096882
22 | 0.007437783807644039 26 [ 0.02935037430356146
23 | 0.0807868097568001 27 | 0.04032140164366638
24 | 0.006129761167490422 28 | 0.04267391876561533
25 | 0.01162277513827403 29 | 0.03284492258067218
26 | 0.01517472634754502 30 | 0.006926143017217612
27 | 0.01609508082929956 31 | -0.03933595697940006
28 | 0.01369330461753471 32 | 0.001180822955390681
29 | 0.007278863746248116 33 | -0.001860270686163901
30 [ -0.003838775750562934 34 | -0.004583404946991721
31 | -0.02035014783890116 35 [ -0.006443096037894503
N=5| 0| 0.02234420088043657 36 | -0.006807543423931084
1| 0.04195406614387475 37 | -0.00495862982441625
2| 0.06866262998244083 38 | -0.0000919212129218486
31 0.1037059101512808 39 | 0.00868333318272398
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Table C.11. M = 9 Scalin

Function Coefficients

N n h(n) Nin h(n)
N=1} 0 0.3333333333333333 0| 0.07669971772284562
1] 0.3333333333333333 1| 0.1099696509754184
21 0.3333333333333333 2| 0.1473548105654401
3| 0.3333333333333333 3| 0.1888551964929107
4| 0.3333333333333333 4 | 0.2344708087578302
51 0.3333333333333333 5| 0.2842016473601987
6 | 0.3333333333333333 6 | 0.3380477123000158
71 0.3333333333333333 7 | 0.3960090035772827
8 | 0.3333333333333333 8 | 0.4580855211919972
N=2| 0] 0.1550206443672593 91 0.2941781119756248
1| 0.1920576814042964 10 | 0.2646752825075191
2| 0.2290947184413335 11 | 0.2269420003645157
3| 0.2661317554783706 12 | 0.1809782655466145
4 | 0.3031687925154077 13 | 0.1267840780538147
5 | 0.3402058295524447 14 | 0.06435943788611809
6 | 0.3772428665894819 15 | -0.006295654956474995
7| 0.414279903626519 16 | -0.085181200473968
8 1 0.4513169406635559 17 | -0.1722971986663575
9| 0.1783126889660744 18 | -0.03754449636510948
10| 0.1412756519290373 19 | -0.04131160014957614
11 | 0.1042386148920001 20 | -0.04096347759659503
12 | 0.06720157785496318 21 | -0.03650012870616426
13 | 0.03016454081792608 22 | -0.0279215534 7828484
14 | -0.006872496219111069 23 | -0.01522775191295661
15 | -0.04390953325614811 24 | 0.001581275989820552
16 | -0.0809465702931852 25 | 0.02250553023004668
17 | -0.1179836073302223 26 | 0.04754501080772171
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Table C.12. M = 9 Scaling Function Coefficients (continued)

N n h(n) Nl n h(n)
N=4} 0| 0.03892712901139129 5 0.1584149525921297
1} 0.06282088728945303 6 | 0.2083742732387508
2| 0.0921852462314366 71 0.2679952819291707
3| 0.1274774532081674 8 | 0.3383370222704727
4 | 0.1691547555904707 9| 0.3203417820901251
5| 0.2176744007491718 10 | 0.3367135860399202
6 | 0.273493636055095 11 | 0.3416453392429375
71 0.3370697088790671 12 | 0.3323742199103918
8 | 0.4088598665919126 13 | 0.3059341851997885
91 0.3336128405188941 14 | 0.2591559712148808
10 { 0.3276278770097143 15| 0.1886670930056198
11 | 0.3093463378461969 16 | 0.0908918445684606
12 | 0.2773964809158649 17 [ -0.03794870115413573
13 | 0.2304065641062465 18 | -0.001501570187173229
14 | 0.1670048453048523 19 | -0.047038872731207
15| 0.0858195823992283 20 | -0.0849120904563847
16 | -0.01452096672311143 21 | -0.111662861735681
17 | -0.1353885441746527 22 | -0.1235279933617903
18 | -0.04459211799952101 23 | -0.116439460546701
19 | -0.06726642877848832 24 1 -0.0860241069216378
20 | -0.0817593902405704 25 | -0.02760514453757423
21 | -0.0866992602732459 26 { 0.06380084613539339
22 | -0.0807142967640679 27 | -0.006854205878511266
23 | -0.06243275760055767 28 | 0.00910862314756855
24 | -0.03048290067022208 29 | 0.0235492389364822
25 1 0.01650701613939987 30 [ 0.03461931444124389
26 | 0.07990873494078699 31 { 0.04026730156110148
27 1 0.005385481800848524 32 | 0.03823843114160752
28 | 0.01015099781094619 33 | 0.02607471297461927
29 | 0.01356113949455029 34 | 0.001114935798149474
30 | 0.01515865948083395 35 | -0.03950533270343115
31| 0.01448631039897341 36 | 0.00131381514356832
32 | 0.01108684487814215 37 | -0.001241865601837588
33 | 0.004503015547515254 38 | -0.00362791614216551
34 | -0.005722424963732404 39 | -0.005496566558387706
35 | -0.02004672402642617 40 | -0.006449241668042838
N=5] 0] 0.02003351220860843 41 | -0.006036561025236143
1| 0.03579186252225289 42 | -0.003758338920641535
2 | 0.05667876179579384 43 | 0.000936415618498908
3 | 0.0834992273191487 44 | 0.00864949882837498
4| 0.117109081645667
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Table C.13. M = 10 Scaling Function Coeflicients

N n h(n) N n h(n)

N=1( 0| 0.3162277660168379 | N=3 | 0| 0.07114422411477666
1| 0.3162277660168379 1] 0.0991820366045694
2| 0.3162277660168379 2 | 0.1303821267545305
3| 0.3162277660168379 3| 0.1647444945646601
4| 0.3162277660168379 4 | 0.2022691400349579
5| 0.3162277660168379 5| 0.2429560631654242
6| 0.3162277660168379 6 | 0.2868052639560583
71 0.3162277660168379 7| 0.3338167424068614
8] 0.3162277660168379 81 0.3839904985178331
9| 0.3162277660168379 9| 0.4373265322889726

N=2| 0| 0.1452331793562896 10 | 0.2803921713759507
11 0.1768559559579734 11 | 0.2559393229980493
2 | 0.2084787325596571 12 | 0.2251619192998104
3] 0.240101509161341 13 | 0.1880599602812358
4 | 0.2717242857630247 14 | 0.1446334459423229
51 0.3033470623647084 15| 0.0948823762830742
6| 0.3349698389663924 16 | 0.03880675130348887
7] 0.3665926155680761 17 | -0.02359342899643391
8 | 0.3982153921697598 18 | -0.0923181646166933
91 0.4298381687714437 19 | -0.1673674555572879

10 | 0.170994586660548 20 | -0.03530862947389135
11} 0.1393718100588643 21 | -0.03889359358578215
12 | 0.1077490334571807 22 | -0.0393162800375042
13 | 0.07612625685549679 23 | -0.03657668882905862
14 | 0.04450348025381313 24 | -0.03067481996044419
15| 0.01288070365212923 25 | -0.02161067343 66179
16 | -0.01874207294955454 26 | -0.0093842492427107
17 | -0.05036484955123827 27 | 0.006004452606408584
18 | -0.0819876261529221 28 | 0.02455543211569622
19 | -0.1136104027546058 29 | 0.04626868928515226
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Table C.14. M = 10 Scaling Function Coefficients (continued)

n h(n) N|n h(n)

N=4| 0/ 0.0357790693211718 20 | -0.04083679928820061
1| 0.05569749441044538 21 | -0.06088758428431618
2 | 0.07976433639592423 22 | -0.07481767391215044
3 | 0.1082958230436259 23 | -0.0816783848736904
4| 0.1416081821195683 24 | -0.080521033870852
51 0.1800176413897692 25 | -0.07039693760558663
6 | 0.2238404286202469 26 | -0.05035741277986717
7| 0.2733927715770168 27 | -0.01945377609560594
8 | 0.3289908980260989 28 [ 0.02326265574523489
9 | 0.3909510357335097 29 | 0.0787405660407039

10 | 0.3164731351805834 30 | 0.004812360804177019
11 | 0.3124322783456108 31 | 0.00898557754597906
12 | 0.2991084484822011 32 | 0.01217265505175558
13 | 0.2755529622923021 33 | 0.0140573655554852
14 | 0.2408171364778582 34 | 0.01432348129115213
15 | 0.1939522877408066 35| 0.01265477449273811
16 { 0.1340097327831202 36 | 0.00873501739422478
17 | 0.060040788306722 37 | 0.002247982229594825
18 | -0.02890322898644371 38 | -0.007122558767169427
19 1 -0.1337710023944041 39 | -0.01969283336208572




Table C.15. M = 10 Scaling Function Coefficients (continued)

N n h(n) Nin h(n)
N=5] 0 0.01825316481863816 25 1 -0.1166304281090333
1] 0.03126076932886969 26 | -0.1033012088451528
2| 0.04811319371493264 27 | -0.0708559174025254
3| 0.06935979201581777 28 | -0.01599842954738051
4| 0.0955815410471259 29 | 0.06475711561415665
5| 0.1273910404010694 30 | -0.007445332551242246
6 | 0.1654325124464666 31 | 0.006246811439950762
7| 0.2103818023287509 32 | 0.0189848166178308
8 | 0.2629463779699623 33 | 0.02951995012477937
9 | 0.3238653300687631 34 | 0.03647698799679233
10 | 0.3026435480071967 35| 0.0383542151631957
11} 0.3175769936723825 36 | 0.0335234254470862
12 | 0.3240477251715959 37 | 0.02022992156497594
13 | 0.3201745541150132 38 | -0.003407484872944622
14 | 0.3039498010062402 39 | -0.03939647336298435
15 | 0.2732392952426608 40 | 0.001394609585293693
16 | 0.225782375115017 41 | -0.000788523372513339
17 | 0.1591918878076512 42 | -0.002881124130846402
18 | 0.0709541893986625 43 | -0.004650066416809651
19 | -0.04157085514071924 44 | -0.005830601180903728
20 | 0.001381776241089483 45 | -0.006126356597019323
21 | -0.03806828496760772 46 | -0.005209338062436231
22 | -0.07203684527235055 47 | -0.002719928197824462
23 | -0.0981764637378433 48 | 0.001733113152756642
24 | -0.1139499627682312 49 [ 0.00857264892185734
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Table C.16. M = 11 Scaling Function Coefficients

N n h(n) N n h(n)
N=1 0] 0.3015113445777636 | N=3 0| 0.06658894719044639
1| 0.3015113445777636 11| 0.0906314685753338
2] 0.3015113445777636 21 0.1171658192542526
3| 0.3015113445777636 3| 0.146191999227203
4| 0.3015113445777636 4| 0.1777100084941847
51 0.3015113445777636 5] 0.2117198470551982
6 | 0.3015113445777636 6 | 0.2482215149102427
7| 0.3015113445777636 7| 0.2872150120593191
8 [ 0.3015113445777636 8 | 0.3287003383502427
9| 0.3015113445777636 91 0.3726774942395661
101 0.3015113445777636 10 | 0.4191464792707365
N=2 0, 0.1370506111717107 11 | 0.2683404520246002
1| 0.1644607334060529 12 | 0.2476655314891714
2| 0.1918708556-10395 13 | 0.2220069523656809
3| 0.2192809778747371 14 | 0.1913647146541253
4| 0.2466911001090792 15 | 0.155738818354509
5| 0.2741012223434214 16 | 0.1151292634668275
6 | 0.3015113445777635 17 | 0.06953604999108532
71 0.3289214668121057 18 | 0.01895917792727797
& | 0.3563315890464477 19 | -0.03660135272459009
9 | 0.3837417112807897 20 | -0.0971455419645233
10 | 0.4111518335151321 21 | -0.1626733897925181
11 | 0.1644607334060526 22 | -0.03341805463723713
12 | 0.1370506111717105 23 | -0.03678565548669566
13| 0.1096404889373683 24 | -0.03766142704212383
14 | 0.0822303667030263 25 | -0.0360453693035192
15| 0.05482024446868417 26 | -0.031937482270884
16 | 0.02741012223434192 27 ) -0.02533776594421677
17| 0.0 28 | -0.01624622032351841
18 | -0.02741012223434225 29 | -0.004662845408788307
19 | -0.05482024446868439 30 | 0.00941235879997315
20 } -0.0822303667030265 31 | 0.02597939230276605
21 ] -0.1096404889373686 32 | 0.04503825509959045
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Table C.17. M = 11 Scaling Function Coefficients (continued)

N n h(n) Nin h(n)

N=4| 0] 0.03323835505706048 22 | -0.03779289273231257
1| 0.05016659207376368 23 | -0.05565017827871089
2 | 0.07032818481276115 24 | -0.06879105524616591
3 | 0.0939496632098697 25 | -0.07653593382727309
4 | 0.121257557200906 26 | -0.07820522421456389
51 0.1524783967216869 27 | -0.0731193366005698
6 ] 0.1878387117080287 28 | -0.06059868117788625
7] 0.227565032095749 29 | -0.03996366813902341
8 | 0.271883887820664 30 | -0.01053470767655185
9| 0.3210218088185881 31 | 0.02836779001698986

10 | 0.3752053250253446 32 | 0.07742341474905601
11| 0.3017075461484975 33 | 0.004358336098835736
12 | 0.2989488945135434 34 | 0.00804603626346712
13 | 0.2889820050056997 35 | 0.01099220999978634
14 | 0.2711272878174995 36 | 0.01297032737197767
15| 0.2447051531415028 37 | 0.01375385844422716
16 | 0.20903601117G2481 38 { 0.01311627328071552
17 | 0.1634402720963095 39 | 0.01083104194562656
18 | 0.1072383461122186 40 | 0.006671634503144009
19 | 0.03975064341049972 41 | 0.0004115210174506223
20 | -0.03970242581623751 42 | -0.00817582844727006
21 | -0.1318004513754971 43 | -0.01931694382683486
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Table C.18. M = 11 Scaling Function Coefficients (continued)

N n h(n) Ni|n h(n)
N=5| 0| 0.01683606451412131 28 | -0.1080661539025414

1§ 0.02780185466777634 29 | -0.0909617062960706

2 | 0.04173632948346605 30 | -0.05800772206475813

3 | 0.0590287091320898 31 | -0.006807099400134576

4 | 0.080088807379088 32 | 0.06516082529043388

5| 0.1053470316444427 33 | -0.007820367758597513

6 | 0.1352543829726773 34 | 0.004080497357108471

7| 0.1702824560388567 35 | 0.01536517929480397

8 | 0.2109234391485835 36 | 0.02515638725060398

9 | 0.2576901142380059 37 | 0.03249445589852939
10 | 0.311115856873819 38 | 0.03633734539059219
11| 0.287574313682633 39 | 0.03556064135665338
12 | 0.3011717418651756 40 | 0.02895755490425245
13 | 0.3083085027372334 41 | 0.01523892261882054
14 | 0.3076542456231692 42 | -0.006966793436390617
15 | 0.2977962453251734 43 | -0.03911350572021632
16 | 0.2772394021232571 44 | 0.001442821356839374
17 | 0.2444062417753798 45 | -0.0004481680813412936
18 | 0.1976369155170801 46 | -0.002292714917654592
19 | 0.1351892000620296 47 | -0.003928128935157815
20 | 0.05523849760157873 48 | -0.005171126286359851
21 | -0.04412216419524384 49 | -0.00581782949323717
22 | 0.003478512959986801 50 | -0.00564376744721784
23 | -0.03109458105382146 51 | -0.004403875409191849
24 | -0.06160595184871909 52 | -0.0018324950095088
25 | -0.0863998683156524 53 | 0.002356625752024798
26 | -0.1036970375613464 54 | 0.00847033250614304
27 1 -0.1115946049100103
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Appendix D. Plots of Compactly-Supported Scaling Functions

This Appendix contains the plots of 7, which correspond to the scaling function
coefficients in Appendix C. In some of the plots, it appears the function does not go to
zero at its rightmost point. This is caused by using a finite iteration k. At higher iterations,
the function would converge toward zero, however, the number of plotting points required
would be impractical. In all of the following plots, () is on the vertical axis and ¢ is on

the horizontal axis.
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Figure D.1. Scaling Function (n;)for M =3 and N =2
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Figure D.3. Scaling Function (;) for M =3 and N =4
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Figure D.5. Scaling Function (7;) for M =3 and N =6

D-3




1.2 T T T T T N — T T T

04t .
'0.6 ’] 1 ] i 1 1 1 1 1
] 1 2 3 4 5 6 7 8 9 10
Figure D.6. Scaling Function (7;) for M =3 and N =7
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Figure D.7. Scaling Function (7s) for M =4 and N =2
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Figure D.8. Scaling Function (7s) for M =4 and N =

Figure D.9. Scaling Function (7s) for M = 4 and NV =4
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Figure D.11. Scaling Function (75) for M =4 and V =6
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Figure D.13. Scaling Function () for M =5and N =3
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Figure D.14. Scaling Function (n4) for M = 5 and N = 4

Figure D.15. Scaling Function (n4) for M =5and N =5
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Figure D.17. Scaling Function (n,) for M =6 and N =2
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Figure D.21. Scaling Function (7,) for M =6 and N =6
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Figure D.23. Scaling Function (n3) for M =7 and .V =3
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Figure D.25. Scaling Function (n3) for M =7and N =5
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Figure D.26. Scaling Function (73) for M =8 and N =2
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Figure D.28. Scaling Function (7;) for M =8 and N =4
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Figure D.29. Scaling Function (n;) for M =8 and N =5
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Figure D.30. Scaling Function (n;) for M =9 and N =2
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Figure D.31. Scaling Function (73) for M =9 and N =3
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Figure D.35. Scaling Function (73) for M = 10 and N =3
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Figure D.39. Scaling Function (n3) for M =11 and N =3
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